AD-A228  923 


FINAL  TECHNICAL  REPORT 
NO.  AAE  90  -  7,  UILU  ENG  90  -  0507 


OTIC  FILE  COPY 


for  the  period 

August  1, 1988  to  July  31, 1990 
for  research  supported  under  grant  AFOSR  -  88  -  0233 
Air  Force  Office  of  Scientific  Research 
Dr.  Spencer  Wu/  Program  Manager,  Applied  Mechanics  Division 
Bolling  Air  Force  Base,  Washington,  D.C. 


DTSC 


Stochastic  Dynamics  and  Bifurcation  Behavior  of 
Nonlinear  Nonconservative  Systems  in  the 
Presence  of  Noise 


IK 


V 

asr 


*=•*  ECTE 
NOV  15  1990 


Prepared  by 

N.  Sri  Namachchivaya^, 

Gerard  Leng^,  Wimnin  Tien$, 

Monica  Doyle^,  and  Sanjiv  Talwar$ 

Nonlinear  Systems  Group 

Department  of  Aeronautical  and  Astronautical  Engineering 
University  of  Illinois  at  Urbana  -  Champaign 
104  S.  Mathews  Avenue 
Urbana,  IL  61801 


jPtSTHIl? UTTCN  JTATT.V-NT  K 
Appicvec 


t  Associate  Professor  and  Principle  Investigator 

$  Graduate  Research  Assistant 


90 


LASSl'lfATli 


la.  REPORT  SECURITY  CLASSIFICATION 

Unclassified _ 

2a.  SECURITY  CLASSIFICATION  AUTHORITY 

2b.  DECLASSIFICATION /DOWNGRADING  SCHEDULE 

4.  PERFORMING  ORGANIZATION  REPORT  NUMBER(S) 

UILU  ENG  90-0507 


REPORT  DOCUMENTATION  PAGE 

ION  I  1b.  RESTRICTIVE  MARKINGS 


Form  Approved 
OMB  No.  0704-01 M 


3.  DISTRIBUTION /AVAILABILITY  OF  REPORT 

Distribution  Unlimited 
5.  MONITORING  ORGANIZATION  REPORT  NUMBER(S) 


6a  NAME  OF  PERFORMING  ORGANIZATION  6b.  OFFICE  SYMBOl 
Aeronautical  &  Astronautical  (if  tpplictble) 

Engineering  Department  _ 

6c  ADDRESS  (City,  Stitt,  and  ZIP  Code) 

University  of  Illinois  at  Urbana-Champaign 
104  South  Mathews  Avenue 
Urbana,  IL  61801 


_ f\FDS£.  9^7-// 4*3 

6b  OFFICE  SYMBOL  7a  NAME  OF  MONITORING  ORGANIZATION 

7b  ADDRESS  (C<ry,  Stitt,  and  2IP  Codt) 


8a.  NAME  OF  FUNDING  /SPONSORING 
ORGANIZATION 

Air  Force  Ofc.  of  Sci.  Res. 

8c.  ADDRESS  (City,  Stitt,  ind  ZIP  Codt) 
Bolling  Air  Force  Base 
Washington,  DC  20332-6448 


Bolling  AFB 

Washington,  DC  20332-6448 _ 

8b  OFFICE  SYMBOL  9  PROCUREMENT  INSTRUMENT  IDENTIFICATION  NUMBER 


(If  applicable) 
NA 


10  SOURCE  OF  FUNDING  NUMBERS _ 

PROGRAM  PROJECT  I  TASK 

ELEMENT  NO.  NO.  NO 

//W//\n  I-  2302  Bl 


I  WORK  UNIT 
ACCESSION  NO 


11.  TITLE  (Include  Security  Classification)  stochastic  Dynamics  and  Bifurcation  Behavior  of  Nonlinear 

Nonconservative  Systems  in  the  Presence  of  Noise  u\ _ 

12.  PERSONAL  AUTHOR(S) 

N.  Sri  Namachchivaya,  Gerard  Leng,  Winmin  Tien,  Monica  Doyle,  and  Sanjiv  Talwar 
13a.  TYPE  OF  REPORT  13b  TIME  COVERED  14.  DATE  OF  REPORT  (Ytir,  Month,  Dty)  IlS.  PAGE  COUNT 

Technical _ from/^^,  TO^Jl^Z^  August  31,  1990 _ | _ 

16.  SUPPLEMENTARY  NOTATION 


17. 

COSATI  CODES  J 

FIELD 

GROUP 

SUB-GROUP 

18  SUBJECT  TERMS  { Continut  on  rt verst  if  necessary  ind  identify  by  block  number) 
nonconservative  systems,  Ito  stochastic  equations 
stochastic  stability,  stochastic  averaging, 

Fokker -Planck  equations _ 


-  The  main  objectives  of  the  completed  work  are  tto  develop  mathematical  techniques 
to  reduce  the  dimensionality  of  multidegree-of-f reedom  honlinear  systems  near  bifurcation 
points  and  to  solve  for  the  response  statistics  of  the  reduced  system.  The  asymptotic 
behavior  of  nonlinear  dynamical  systems  in  the  presence  of  noise  is  studied  using  the 
method  of  stochastic  normal  forms.  The  crucial  point  in  the  normal  form  computations  is 
to  find  the  resonant  terms  that  cannot  be  eliminated  through  a  nonlinear  change  of 
variables.  Subsequent  to  reduction  of  the  dimensionality,  a  Markovian  approximation  is 
used  to  obtain  the  associated  stochastic  normal  forms.  The  key  result  is  that  the  second 
order  stochastic  terras  have  to  be  retained  in  the  normal  form  computations  in  order  to 
capture  the  contributions  of  the  stable  modes  stochastic  components  to  the  critical  modes 
drift  terms.  It  is  also  shown  that  the  method  of  extended  stochastic  averaging  is  in 
fact  "equivalent"  to  stochastic  normal  forms  for  a  specific  class  of  nonlinear  systems. 

In  addition ,  mean  square  ^stability  of  the  response  is  obtained  and  the  bifurcation  behavior 


20.  DISTRIBUTION/ AVAILABILITY  O^flBSTRACT  21.  ABSTRACT  SECURITY  CLASSIFICATION 

CJ UNCLASSIFIED/UNLIMITED  tj  SAME  AS  RPT  Q  DTiC  USERS  Unclassified _ _ _ 

22*  NAME  OF  RESPONSIBLE  INDIVIDUAL  22b  TELEPHONE  (Include  Area  Code)  22 c  OFFICE  SYMBOl 

Dr.  Spencer  Wu  _  (202)  767-6962  _ AEOSBlMA _ 


DD  Form  1473,  JUN  86  Previous  editions  are  obsolete.  security  classification  qe  this  page _ 


19.  Abstract 

and  associated  stationary  and  transient  probability  density  functions  for 

the  reduced  stochastic  system  are  determined.  Finally,  the  general  results  are  applied 
to  the  study  of  the  dynamics  of  aircraft  at  high  angles  of  attack,  plates  under 
gas  flow,  structures  under  follower  forces,  and  propellant  lines  conveying  pulsating 
fluid.'  "I*  iy 

*  '  / 


'  Acctsion  lor 

f  fms  cra^i 
|  uik:  ta a 

I  Uii'.mnOij:  ced 
i  Jtji.tif.citi* 


By 

;  (distribution  / 

^  Availability  Codes 

Oist 

Avail  anti  i  or 

Special 

Stochastic  Dynamics  and  Bifurcation  Behavior  of  Nonlinear 
Nonconservative  Systems  in  the  Presence  of  Noise 

Abstract 

The  main  objectives  of  the  completed  work  are  to  rioVplop 
mathematical  techniques  to  reduce  the  dimensionality  of  multidegree-of- 
freedom  nonlinear  systems  near  bifurcation  points  and  to  solve  for  the 
response  statistics  of  the  reduced  system.  The  asymptotic  behavior  of 
nonlinear  dynamical  systems  in  the  presence  of  noise  is  studied  using  the 
method  of  stochastic  normal  forms.  The  crucial  point  in  the  normal  form 
computations  is  to  find  the  resonant  terms  that  cannot  be  eliminated 
through  a  nonlinear  change  of  variables.  Subsequent  to  reduction  of  the 
dimensionality,  a  Markovian  approximation  is  used  to  obtain  the  associated 
stochastic  normal  forms.  The  key  result  is  that  the  second  order  stochastic 
terms  have  to  be  retained  in  the  normal  form  computations  in  order  to 
capture  the  contributions  of  the  stable  modes  stochastic  components  to  the 
critical  modes  drift  terms.  It  is  also  shown  that  the  method  of  extended 
stochastic  averaging  is  in  fact  "equivalent"  to  stochastic  normal  forms  for  a 
specific  class  of  nonlinear  systems.  In  addition,  mean  square  stability  of 
the  response  is  obtained  and  the  bifurcation  behavior  and  associated 
stationary  and  transient  probability  density  functions  for  the  reduced 
stochastic  system  are  determined.  Finally,  the  general  results  are  applied 
to  the  study  of  the  dynamics  of  aircraft  at  high  angles  of  attack,  plates 
under  gas  flow,  structures  under  follower  forces,  and  propellant  lines 
conveying  pulsating  fluid. 
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X.  Introduction 

The  goal  of  this  work  is  to  obtain  results  pertaining  to  the  statistical 
as  well  as  the  sample  behavior  of  nonlinear  structures  subjected  to  random 
excitations.  Among  many  results  obtained  in  this  work  for  nonlinear 
stochastic  systems,  the  results  pertaining  to  the  problem  of  stabilization  by 
noise  are  of  practical  significance.  These  effects  have  been  demonstrated  by 
the  P.I.  for  both  gyroscopic  and  nonconservative  systems  [1,2]. 

In  order  to  understand  the  bifurcation  behavior  of  a  dynamical 
system,  a  reduction  in  the  mathematical  complexity  of  the  n-dimensional 
problem  is  required.  Often  certain  variables  which  are  asymptotically 
stable  can  be  eliminated  as  being  unimportant  with  the  essential  behavic 
of  the  system  restricted  to  the  dynamics  of  the  remaining  critical  variables. 
The  initial  work  involves  developing  mathematical  techniques  such  as 
stochastic  normal  forms  [3]  and  extended  methods  of  stochastic  averaging 
[4]  to  approximate  multidegree  of  freedom  nonlinear  structures  subjected  to 
random  excitations  by  lower  dimensional  Markov  diffusive  process.  Thus, 
as  a  first  step  we  have  developed  and  extended  mathematical  techniques,  to 
reduce  the  dimensionality  of  nonlinear  stochastic  systems  near  bifurcation 
points.  Subsequent  research  involves  applying  these  techniques  and 
proposed  methods  (see,  for  example,  [5])  in  order  to  obtain  an 
understanding  of  co-dimension  one  [6]  and  co-dimension  two  [7]  stochastic 
bifurcations.  The  major  goals  of  this  research  effort  are  to  examine  the 
stochastic  dynamics,  stability  and  bifurcation  behavior  of  various  nonlinear 
stochastic  problems  with  direct  impact  on  the  mission  of  AFOSR.  Such 
problems  include:  aircraft  at  high  angles  of  attack  under  the  effect  of 
atmospheric  turbulence;  rotating  shafts  and  rotating  systems  under 
pulsating  loads;  propellant  lines  conveying  turbulent  flow,  etc. 
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The  PI  has  completed  most  of  his  objectives  and  the  results  from  this 
project  have  revealed  new  features  in  the  theory  of  nonlinear  stochastic 
dynamics.  Highlights  of  these  features  are  briefly  discussed  in  the 
following  subsections. 

2.  Development  of  Mathematical  Techniques 

When  a  multidegree-of-freedom  mechanical  system  undergoes  a 
bifurcation,  it  does  so  only  in  a  few  degrees  of  freedom.  The  simplest 
deterministic  example  to  point  out  is  when  a  single  mode  becomes  unstable 
due  to  a  control  parameter  p  being  slightly  increased  beyond  a  critical  value 
pc.  For  example,  p  and  pc  represent  the  axial  and  Euler  loads  respectively, 
in  buckling  of  a  column.  In  the  vicinity  of  pc,  the  temporal  evolution  of  the 
motion  of  the  critical  mode  in  the  first  approximation  is  given  by 

x  =  (p  -  pc)  x  +  ax3  .  This  situation  becomes  more  complicated  when  a  set  of 
control  parameters  p  are  varied  in  such  a  way  that  several  modes  may 

simultaneously  become  marginally  unstable.  In  such  situations,  the 
system  is  said  to  undergo  a  multiple  bifurcation.  The  associated  simplest 

possible  amplitude  equations  which  capture  the  complete  dynamics  of  the 
original  system  in  the  vicinity  of  Pc  are  called  the  normal  form. 

For  deterministic  systems,  in  addition  to  the  theory  of  normal  forms, 
the  theory  of  center  manifolds  and  method  of  averaging  are  particularly 
useful  in  reducing  the  dimensionality  of  large  nonlinear  dynamical 
systems.  However,  consistent  methods  for  the  analysis  of  multidegree-of- 
freedom  stochastic  nonlinear  systems  are  currently  lacking  in  the 
engineering  community.  The  mathematical  techniques  presented  in  this 
section,  namely  stochastic  normal  forms  and  extended  stochastic 
averaging,  respond  to  this  need.  In  order  to  understand  the  complex 
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interaction  between  noise  and  the  inherent  nonlinearities  in  mechanical 
systems  and  their  bifurcation  behavior,  a  reduction  in  the  mathematical 
complexity  of  the  n-dimensional  problem  is  required,  as  discussed,  in 
which  the  dynamics  of  the  response  are  captured  in  the  remaining  critical 
modes.  Often  certain  variables  which  are  asymptotically  stable  can  be 
eliminated  as  being  unimportant  with  the  essential  behavior  of  the  system 
restricted  to  the  dynamics  of  the  remaining  critical  modes.  To  this  end,  the 
method  of  averaging  wTas  extended,  following  Papanicolaou  and  Kohler  [8], 
by  the  authors  [4]  to  include  the  analysis  of  nonlinear  systems  which  exhibit 
co-dimension  one  bifurcations.  Application  of  this  method  to  study 
stochastically  perturbed  general  nonconservative  problems  was  presented 
by  Sri  Namachchivaya  and  Tien  [2]. 

The  ideas  of  center  manifold  and  normal  forms  were  extended  to 
stochastic  systems  by  Knobloch  and  Wissenfeld  [9]  and  Coulett  [10], 
respectively.  The  applicability  of  the  method  of  normal  forms  to  nonlinear 
stochastic  systems  was  demonstrated  by  Sri  Namachchivaya  and  Hilton 
[11].  However,  these  extensions  were  unsuccessful  in  capturing  the 
contributions  of  the  stochastic  components  of  the  stable  modes  to  the  critical 
mode  drift  terms.  Such  effects  were  shown  to  exist  by  Sri  Namachchivaya 
and  Lin  [4]  using  extended  stochastic  averaging.  The  goal  of  this  work  is  to 
present  the  method  of  stochastic  normal  forms  developed  by  Sri 
Namachchivaya  and  Leng  [3],  in  order  to  reduce  the  the  dimensionality  of 
nonlinear  stochastic  systems  near  bifurcation  points.  Furthermore,  it  has 
been  shown  that  these  two  methods  are,  in  fact,  equivalent  for  a  specific 
class  of  nonlinear  systems.  We  also  wish  to  add  that  an  alternate  approach 
has  been  used  by  Caughey  [12]  to  analyze  nonlinear  stochastic  systems. 
This  approach  replaces  a  nonlinear  stochastic  system  without  an  exact 
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solution  by  an  "equivalent"  system  with  an  exact  solution  chosen  in  some 
optimal  fashion.  There  need  not  be  any  reduction  in  dimension.  The 
method  of  stochastic  normal  forms  differs  because  it  replaces  the  original 
system  by  an  "equivalent"  system  of  lower  dimension  by  the  elimination  of 
stable  modes. 

There  are  two  approaches  to  obtaining  normal  forms  in  deterministic 
systems.  As  in  Guckenheimer  and  Holmes  [13],  in  the  first  method,  one 
first  computes  the  lower  dimensional  center  manifold  on  which  the 
dynamics  reduces  for  large  times  and  then  a  nonlinear  change  of 
coordinates  is  applied  to  transform  a  small  dimensional  system  to  normal 
form.  In  the  second  method,  one  systematically  expands  the  original  vector 
fields  in  powers  of  the  amplitudes  of  critical  modes,  as  in  Elphick  et  al.  [14], 
to  yield  both  the  normal  form  and  center  manifold.  This  paper  outlines  a 
method  which  has  its  basis  in  [3,14]. 

2.1  Method  of  Stochastic  Normal  Forms 

The  theory  of  normal  forms  goes  back  to  as  early  as  Euler;  Poincare 
[15]  and  Birkoff  [16]  contributed  a  more  definite  form  of  the  theory.  Poincare 
[15]  considered  the  problem  of  reducing  a  system  of  differential  equations  of 
the  form 


dp  =  Ax  +  f  (x)  to  — •  =  Ay  ,  x  e  Rn  ,  y  e  Rn  . 


(1) 


The  formal  solution  of  this  problem  deals  with  finding  near-identity 
coordinate  transformations  x  =  y  +  O(y)  which  eliminate  the  analytic 
expressions  of  the  nonlinear  terms.  It  was  shown  that  such  a  formal 
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solution  exists  provided  the  above  system  is  hyperbolic  and  the  eigenvalues 
Xj  of  the  diagonalizable  matrix  A  satisfy 

Xj  *  I  fyXi  for  j  =  l,2,...,n,  |k|  =  £  k/  >  2  (2) 

where  k  is  an  integer  vector  k  =  (ki  ,  k2  kn)  with  k/  >  0 .  Furthermore,  it 
was  proven  that  if,  in  addition  to  the  above  results,  the  eigenvalues  lie 
strictly  to  one  side  of  a  line  through  the  origin  in  the  complex  plane,  then 
the  formal  series  d>(y)  is  convergent.  If  the  system  is  nonhyperbolic  or  the 
condition  (2)  is  violated,  the  analytic  expressions  of  the  nonlinear  terms 
cannot  be  completely  eliminated.  The  normal  forms  of  equation  (1)  are 
dictated  by  the  nature  of  the  linear  operator  and  contain  only  resonant 
nonlinear  terms  that  cannot  be  eliminated  through  a  nonlinear  change  of 
variables.  Thus,  the  nonlinear  system  in  (1)  can  be  reduced  to 

^  '  Ay  +  B<y)  '  y£R"  '  (3) 

where  g  is  simpler  than  f  and  the  resulting  simplified  nonlinear  equations 
are  said  to  be  in  normal  form.  Such  reductions  have  been  widely  used  to 
study  deterministic  autonomous  and  nonautonomous  systems  and  Arnold 
[17]  contains  a  good  exposure  of  this  subject.  In  bifurcation  problems,  the 
eigenvalues  of  the  linear  operator  A  are  composed  of  two  sets,  one  on  the 
imaginary  axis  and  the  other  with  strictly  negative  real  parts.  The  linear 
vector  space  E  associated  with  A  can  also  be  divided  accordingly  as 
E  =  Ec  ©  Es  such  that  x<;  e  Ec  and  xs  e  Es  with  x  =  xc  0  xs . 
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The  purpose  of  the  theory  of  normal  forms  in  our  investigations  is 
two-fold:  first,  to  extend  the  normal  form  theory  to  incorporate  nonlinear 
stochastic  systems  and  secondly,  to  demonstrate  the  relationship  between 
stochastic  averaging  and  normal  form  theory  for  non-nilpotent  systems.  To 
this  end,  consider  a  dynamical  system  governed  by  nonautonomous 
differential  equations  in  Rn 

x  =  A(rj)x  +  fix  ,  q)  +  a£(t)  B(q)x  =  A(ri)x  +  fix  ,  r|)  +  oF(x,  t,  q)  (4) 
which  depend  on  two  external  parameters  q  and  c.  The  matrices  A  and  B 
are  nxn  matrices  which  depend  smoothly  on  q,  £(t)  is  a  stationary 
stochastic  process  with  zero  mean  representing  the  parametric  excitations, 
and  x  s  0  is  the  trivial  solution  of  Eq.  (4)  for  all  values  of  q  and  a.  The 
nonlinear  function  f  is  a  vector  function  which  is  smooth  in  its  arguments 
and  the  ith  component  of  the  rth  order  polynomial  can  be  represented  by 


f[  (x,0)  =  x  ^  xm  =  XC 

m  m 


N 


mi  m2 


‘l  x2 


v  mn 
xn 


« =  I? 


r=l 


(5) 


where  m  =  (mi,  m2  mn)  are  non-negative  integers,  xm  =  x™'  •  •  •  x™2-  •  •  x™" 
is  an  rth  order  monomial  such  that  £  mj  =  r  ,  ff>rT1  are  the  coefficients  of  the 

monomial  with  a  particular  combination  of  (mi,  m2  mn)  and  the 
summation  is  over  all  such  monomials.  Furthermore,  the  trivial  solution 
of  Eq.  (4)  in  the  absence  of  stochastic  excitation,  i.e.,  <5  =  0,  loses 
stability  and  undergoes  a  co-dimension  one  bifurcation,  namely,  either 
a  Hopf  or  a  simple  bifurcation  at  q=0,  and  the  associated  linear  operator  for 
these  cases  is  A(0)  =  diag  (icoi  ,  -  icoi  ,  X3  ,...,  Xn}  »  or  diag  (0,  X2  ,  ,...,  ^nl  • 

Consider  a  near-identity  nonlinear  transformation 
x  =  y  +  W(v)  +  aU(y,t)  +  a2V(y,t) 
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where  W(y)  is  a  homogeneous  vector  polynomial  of  degree  k,  k  being  the 
lowest  order  nonlinearity  that  exists  in  Eq.  (4),  U(y,t)  and  V(y,t)  are  vector 
polynomials  with  time  dependent  coefficient.  Interpreting  Eq.  (4)  in  the 
Stratonovich  sense,  we  want  the  transformation  to  yield 

y  =  A(q)  y  +  g  (y,q)  +  aG  (y.q^(t))  +  g2H  (y,r|£(t))  (6) 

where  g(y,0)  =  ^  g[;m  ym  ,  and  ym  are  the  rth  order  monomials  such  that 

m 

mj  =  r  with  G(y,0,£(t))  and  H(y,  0,  ^(t))  at  least  linear  in  y.  Now,  we 
define  the  Lie  bracket  of  W  and  Ay  as 


La  =  [W  ,  Ay]  = 


aw 

3y 


Ay -AW  . 


(7) 


Considering  now  a  monomial  in  the  ith  component  of  W,  using  the  fact  that 
A  is  diagonal  and  the  notation  of  Eq.  (5),  the  above  equation  yields 


La  W ym  =  ((nal  -  W*m  y"> 


(8) 


Equating  the  monomials  of  order  k,  we  can  then  evaluate  the  coefficients  of 
the  monomial  elements  of  W  by  solving 


La  W  ip,,  —  f^m  -  gi;m  -  gj^m  =  hj;m  ,  L  mj  —  k 


(9) 


where  ,  gj|m  are  the  coefficients  of  the  monomial  ym  of  the  following 
polynomials  of  degree  k,  respectively, 
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3W-  (lc+l  s)(v) 

ff  (y  +  W(y)) ,  j  - —  gjs(y)  • 

£2  3yj 

La  is  called  the  homological  operator,  since  La  :  Hk(Rn)  -» Hk(Rn) ,  where 
Hk(Rn)  is  the  space  of  homogeneous  vector  polynomials  of  degree  k  on  Rn. 
The  crucial  point  in  the  normal  form  computations  is  to  find  a 
homogeneous  polynomial  vector  field  of  degree  k  in  a  space  complementary 
to  the  range  of  the  homological  operator.  The  dimension  of  the  vector  space 
increases  with  k.  This  makes  the  computations  cumbersome  for  large  k. 
Furthermore,  since  the  matrix  A  is  diagonal,  the  image  of  La,  Im(LA),  and 
its  null  space,  ker  (La),  span  the  whole  space.  Consequently,  in  order  to 
solve  Eq.  (9)  we  should  have  h£m  e  Im  (La)  and  this  gives  a  condition  that 
g£ni  may  be  chosen  in  the  null  space  of  La,  i.e.,  g£meker(LA)  when  the  null 
space  is  not  empty.  Furthermore,  from  Eq.  (8),  the  resonance  condition  for 
the  deterministic  terms  reduces  to 

n 

m/  Xi  -  Xj  =  0  for  all  i  =  l,2,...,n  . 

/=! 


I 


Similarly,  equating  the  terms  of  order  k  in  y  and  1  in  a,  the  time 
dependent  coefficients  of  the  monomial  elements  of  U  are  evaluated  from 


-  +  La  UU)  =  *tn(t)  -  GlUt)  -  G|yt) 

\dt  / 


(10) 


where  Fi,m(t) ,  Gi,m(t)  are  the  coefficients  of  the  monomial  ym  of  the 
following  polynomials  of  degree  k,  respectively, 
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k-1 


r=l  s=l  5xj 


g  9Wj  8  (y) 

s=i  9yi 


Gf(y,t)  +  i^!Mg/(y) 

dyj 


s=2 


Identifying  the  terms  of  order  k  in  y  and  2  in  o,  the  time  dependent 
coefficients  of  the  monomial  elements  of  V  are  evaluated  from 


-  +  La)  vllritt)  =  pj'jt)  •  H,km(t)  -  H^(t) 

U  I  (ii) 


where  Fi;m(t) ,  Hi;m(t)  are  the  coefficients  of  the  monomial  ym  of  the 
following  polynomials  of  degree  k,  respectively, 


,  (k+l-s)  ,  (k+l-s) 

X  3F-  +  X  ->ty^Vf(y,t) 


3=1 


dyi 


S=1 


dyj 


,  i  ,  o  (k+2'r_s) 

+  f  W  U/(y,t)U^,t)  , 

s=l  r=l  dyjdyk 


,  (k+l-s) 

£  aUi  (y,t) 


s=i  dyj 


.  .  (k+l-s) 

.  V  3wi  (y>„*, 
Gj(y,t)  +  >  - Hj  (y,t) 


4- 


I 


s=2 


-  (k+l-s)  . 

oVj  (y,t) 


dyj 
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In  Eqs.  (10)  and  (11),  the  derivative  (d/9t)  acts  only  on  the  functions 
U^m(t)  and  V,^m(t) ,  respectively.  Equation  (10)  contains  the  results  from  Eq. 

(9),  and  Eq.  (11)  contains  the  results  from  both  Eqs.  (9)  and  (10).  In  the  above 
expressions,  the  repeated  subscripts  imply  summation  up  to  n.  After 
taking  Fourier  transforms,  the  resonance  condition  for  the  stochastic  terms 
becomes 


j£l  +  ^  mi  Xi  -  Xi  =  0  for  all  i  =  l,2,...n  . 

l=i  (12) 


and  this  expression  dictates  the  stochastic  normal  form.  The  coefficients  of 
the  monomial  elements  W,  U  and  V  are  solved  from  Eqs.  (9),  (10)  and  (11), 
respectively,  keeping  in  mind  both  the  deterministic  and  stochastic 
resonance  terms. 

The  noise  terms  in  the  critical  modes  which  contain  stable  variables 
can  be  eliminated.  Let  the  noise  term  be  of  the  form 


^(t) 


then  the  stochastic  resonance  condition  is 

p  q 

jft  +  2  +  X  n/  Xsj  -  Xcj  =  0 

l=i  l=i 

where  the  X,c/s  are  either  zero  or  pure  imaginary  and  the  kSj's  have 
negative  real  parts.  Since  at  least  one  of  the  nj’s  is  a  non-negative  integer, 
it  is  obvious  that  the  resonance  condition  can  never  be  satisfied  for  any 
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value  of  Q.  Hence,  the  noise  terms  containing  the  stable  variables  are 
removed  from  the  critical  modes. 

Similarly,  in  the  case  of  linear  multiplicative  noise,  noise  terms  of 
the  form  yc/  £(t)  can  be  removed  from  the  stable  modes.  Checking  the 

resonance  condition, 

jfl  +  (1)A«,  -  Aa.  s  0  ,  £m/  +  £n/  =  l 

since  is  zero  or  pure  imaginary  and  has  a  negative  real  part,  the 
resonance  condition  cannot  be  satisfied  for  any  Q.  It  is  worth  pointing  out 
that,  for  higher  order  noise  terms,  such  a  decoupling  may  not  be  possible 
because  of  "stochastic  resonance".  This  can  be  illustrated  through  an 
example  in  which  XCl  =jco,  Xc2  =  -jco(Hopf  bifurcation),  and  X.Sl  =  -  y. 
Let  the  stable  mode  contain  a  noise  term  of  the  form  y^1  yC22  ySl  <;(t) .  The 

resonance  condition  is 

jQ  +  mi  (jco)  +  m2  (-  jco)  +  1  (-y)  -  (-y)  =  0  ,  i.e,  j  (Q  +  (mi  -  m2)  co)  =  0 
which  is  satisfied  for  Q  =  (m2  -  mi)  co  .  Thus,  it  is  not  always  possible  to 
remove  such  terms  unless  the  noise  £(t)  has  no  energy  at  the  frequencies 
Q  =  (m2  -  mi)  co  . 

More  specifically,  putting  x  =  {x<. ,  xj,  f  =  {fc  ,  fs),  W  =  {Wc  ,  Ws),  U  = 
{Uc  ,  Us},  V  =  {Vc  ,  Vs}  and  A  =  diag  (Ac  ,  As}  where  the  eigenvalues  of  Ac 
are  pure  imaginary  or  zero  and  the  eigenvalues  of  As  have  negative  real 
parts,  the  normal  form  procedure  can  be  stated  as:  given 

^  =  Ac  xc  +  fc  (xc  ,  xs ,  rj)  +  cFc  (xc  ,  xs ,  ti  ;  £(t)) 


=  Ag  Xg  +  fg(xc  ,  Xg  ,  T)  }  +  OFg  (xc  ,  Xg  ,  Tj  J  £(t)) 
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the  near  identity  transformations 

xc  =  yc  +  Wc  (yc,  ys  ,ti)  +  cUc  (yc,ys£(t),r|)  +  o2V«j(yc,ys4(t),Ti) 
xs  =  ys  +  Ws(yc,  ys  ,rj)  +  oUg  (yc,ys£(t),Ti)  +  o2Vs(yc,ys£(t),r|) . 

yield 

^  =  Acyc  +  gc(yc,Tl)  +  oGc(yc4(t),Tl)  +  a2Hc(yc^(t),ri) 
dt 

=  Agys  +  gs(yc,ys,r\)  +  <*Gg(yc,ys,£(t),Ti)  +  a2Hs(yc>yS)£(t)/n ) 
at 

and  W,  U  and  V  are  such  that  gc,  Gc  and  Hc  are  as  simple  as  possible  and 
take  values  in  Ec. 

Since  the  theory  of  normal  forms  arises  from  perturbation  analysis, 
it  is  usually  presented  for  equations  which  contain  a  small  parameter.  In 
nonlinear  equations,  the  small  parameters  can  be  easily  introduced  by 
scaling  of  the  state  variables.  In  order  to  study  the  interplay  between  the 
deterministic  and  stochastic  components  of  the  system,  it  is  assumed  that 
the  nonvanishing  nonlinear  term  in  the  normal  form  is  of  the  order  e2  and 
a=e.  Furthermore,  for  simplicity,  it  is  assumed  that  the  vector  field  f  is  an 
odd  function  of  x  and  the  stochastic  terms  are  linear  in  x  and  can  be 
partitioned  as 

I  Fc  (x,;  ,  Xg  ,  ^(t)  ,T|)  _  Bcc  (^(t),  T\)  Bcs  (%(t)  ,  T])  Xc 

|Fj(xc,Xs,5(t),Tl)|  [  Bss  (^(t)  T|)  J  LxsJ  (13) 

As  shown  earlier,  the  noise  terms  in  the  critical  modes  which  contain  the 
stable  variables  can  be  eliminated.  For  the  case  of  linear  multiplicative 
noise,  the  same  goes  for  the  Bsc(t)  xc  terms  in  the  stable  mode  equations. 


14 


Hence,  performing  the  normal  form  transformation  described  earlier,  we 
obtain 

1*1  T  Ac  0  1  pel  J  ge(yc)  1  r  Bcc(t)  0  1  lyc| 

1*1  ”[  0  A,  J  [gs3(yc,y,J  +  1  o 


Bcs(t)  Usc(t) 

0 

1*1 

+  £2 

0 

Bsc(t)  Uc8(t)_ 

|ys) 

where 

Ucs  =  Ac  Ucs  "  ucs  As  +  Bcs(t)  (15) 

Use  =  As  Use  *  Uge  Ae  +  B  SC  U)  (16) 


Using  the  fact  that  the  noise  is  linear  multiplicative  allows  one  to 
decouple  the  stochastic  terms  in  (13)  leading  to  Eqs.  (14),  (15)  and  (16), 
which  provides  the  0(e2)  contribution  from  the  stable  modes  to  the  critical 
modes.  The  method  of  normal  forms  has  effectively  uncoupled  the  critical 
modes  from  the  stable  ones.  It  is  worth  pointing  out  that  the  deterministic 
part  of  the  uncoupled  system  is  the  same  as  the  deterministic  normal  form 
for  the  system  unperturbed  by  noise.  The  nonlinear  vector  function  gc(yc) 
for  various  co-dimension  one  and  two  bifurcations  are  given  in  Arnold  [17] 
and  Guckenheimer  and  Holmes  [13].  It  remains  now  to  solve  Eqs.  (15)  and 
(16)  in  order  to  completely  obtain  the  stochastic  components  of  the  normal 
form. 

Before  proceeding  further,  Eq.  (14)  is  brought  to  a  "standard  form"  by 
using  a  transformation 
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and  Eq.  (14a)  can  be  replaced  by  a  differential  equation  in  z  as 


&L  =  e2e  -  Act:  g3  (e  Act  z)  +  ee  -  A*^)  e  -A,tz  +  e2e  ‘  ActBC3(t)Vsc(t)  e^Z 
dt  U<) 


Using  the  fact  that  the  normal  form  gc  (yc)  lies  in  the  null  space  of  the 
homological  operator  La,  i.e., 


<Yc>  A*yc-A<gf(yc)  =  0 
dyc 


the  total  differential  of  gc  (yc)  =  gc  (e  ^  z)  can  be  written  as 


[gc  (e  ^z)]  =  —  Ac  e  ^z  =  —  Ac  yc  =  Ac  gj?  (yc) 
at  3yc  dyc 


(18) 


Equation  (18)  is  a  linear  first  order  ordinary  differential  equation  in  gc  (yc) , 
whose  solution  is 

gc(yc)  =  e^gi^Xc  ,t=0)  =  eActg(z) 

Thus  Eq.  (17)  can  be  rewritten  as 

dz  =  e2  g&z)  +  e  e  ’  a*1  Bcd(t)  e ^  z  +  e2  e  - ^  Bc,(t)  Vx(t)  e^z 
dt  (19) 

2.2  Markov  Approximation  of  Reduced  System 

In  this  section,  the  above  lower  dimensional  equations  are  replaced 
by  diffusive  Markov  processes  whose  transition  probabilities  at  time 
intervals  At  (At »  xCor)  are  approximately  the  same  as  those  of  the  original 
processes.  There  are  two  ways  of  deriving  the  drift  and  diffusion 
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coefficients  which  completely  describe  the  Markov  process.  In  the  first 
method,  the  increments  x(t2)  -  x(ti)  and  x(x4>  -  x(t3),  where  ti  <  t2  <  t3  <  t4, 
are  assumed  independent  when  the  correlation  time  of  the  smooth  process 
is  much  smaller  than  the  relaxation  time  of  the  reduced  system 
(Stratonovich  [18]).  The  second  method  deals  with  the  asymptotic  behavior 
of  the  solution  of  the  lower  dimensional  system  when  tcor  tends  to  zero.  The 
use  of  the  first  method  to  calculate  the  drift  and  diffusion  terms  is  shown  in 
the  Appendix  of  [3].  A  physical  interpretation  of  this  approach  which  is 
more  appealing  to  engineers  is  given  by  Lin  [19].  It  will  be  shown  that  the 
approximation  of  the  solution  of  the  lower  dimensional  equations  by  a 
Markov  process  give  rise  to  the  same  drift  and  diffusion  terms  as  those 
obtained  in  the  extended  stochastic  averaging  technique  [4].  However,  for 
simplicity,  consider  only  two  cases,  one  in  which  Eqs.  (15)  and  (16)  will  be 
solved  explicitly. 

Case  1:  Ac  =  0  (divergence  instability) 

In  this  case,  Eqs.  (15)  and  (16)  reduce  to: 

Ucs  =  *  Ucs  Ag  +  Bcs  (t)  (20) 

Use  =  As  Use  +  Bgc  (t)  (21) 

The  required  particular  solution  for  the  normal  form  transformation  is 


Ucs(t)  =  U  Bests)  e  A*8  ds 


’  Agfc 


If. 


Usc(t)  =  e  a®4  I  I  e  'A«s  Bsc(s)  ds 


(22) 


(23) 
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Hence,  the  reduced  system  is  (where  z  now  represents  the  variable  after 
transformation) 

(24) 


z  =  e2  Fc(z)  +  e  BJt)  z  +  e2  J(  B^t)  j  e  ■As(s‘t)  B^s)  ds  |  z 


Using  the  Markovian  approximation  and  performing  a  time-translation,  it 
is  found  that  the  drift  contribution  from  the  stable  modes  to  the  drift  term  of 
the  critical  mode  is 


Mt 


Bcs(t)  e '  ^  Bsc  (t+x)  dt 


(25) 


which  agrees  with  that  obtained  from  the  extended  averaging  theorem. 


Case  2  :  Ac  =  diag  {-jo)i  ,  jcoi  . . .  -jcon  ,  jton}  (flutter  instability) 

In  this  case,  the  solution  of  Eqs.  (15)  and  (16)  are: 


(1 


Ucs(t)  =  -  e Act I  I  e ' AcS  Bcs(s)  e ^  ds  e'^1 


(26) 


Usc(t)  =  e  ^  f  e  ’  Bsc(s)  e  ^  ds 

J-  o 


-Act 


(27) 


As  before,  the  2nd  order  correction  to  the  drift  from  the  stable  mode  is: 
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(28) 

which  agrees  with  that  obtained  from  the  extended  averaging  theorem. 

In  both  examples,  we  have  assumed  that  the  deterministic  part  has 
been  reduced  to  a  normal  form.  This  assumption  does  not  invalidate  the 
equivalence  in  any  way,  since  it  has  been  shown  that  deterministic  normal 
form  and  deterministic  averaging  methods  are  equivalent  for  non-nilpotent 
systems,  Arnold  [17]  and  Sethna  [20]. 

In  the  above  discussions,  we  have  assumed  that  the  linear  operator  is 
diagonalizable.  However,  when  it  is  not  diagonalizable,  the  method  of 
averaging  cannot  be  applied  due  to  the  fact  that  the  matrix  e^t  contains 
terms  that  are  polynomials  in  t  and  the  time  average  does  not  exist.  Unlike 
averaging,  normal  forms  can  be  used  in  the  analysis  of  such  nilpotent 
systems.  Results  for  a  system  with  a  double  zero  bifurcation  is  presented  by 
Sri  Namachchivaya  [7]  for  a  two  dimensional  case. 

A  comparison  has  been  made  between  the  stochastic  normal  forms 
and  stochastic  averaging,  and  the  equivalence  of  these  two  methods  is 
demonstrated  for  a  special  class  of  nonlinear  stochastic  systems  [3].  It  has 
been  shown  that  for  systems  under  the  effect  of  linear  multiplicative  and 
additive  noise,  the  stable  modes  lead  to  a  second  order  correction  in  the 
critical  modes  which,  to  our  knowledge,  has  been  ignored  by  previous 
researchers.  The  results  justify  the  viability  of  stochastic  normal  forms  as 
an  alternative  to  stochastic  averaging,  which  to  date  has  been  a  traditional 
technique  in  the  analysis  of  weakly  non-linear  systems  under  broad-band 
excitation.  Moreover,  unlike  stochastic  averaging,  the  method  of  stochastic 
normal  forms  is  not  limited  to  systems  with  non-nilpotent  linear  parts. 


Mt  E 


e  ’  **  Bcs(t)  e  -  **  Bsctt-K)  e  Mt+x)  dx  x« 
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3.  Summary  of  Results  of  Completed  Work 

The  work  completed  under  this  project  is  summarized  in  the 
following  subsections.  Detailed  analyses  of  these  problems  are  given  in 
Appendices  A-F.  Most  of  the  results  of  the  initial  investigation  are 
presented  in  [6],  However,  due  to  its  great  length,  this  paper  has  been 
omitted  from  the  final  report. 

3.1  Stochastic  Analysis  of  Nonconservative  Systems 

As  a  second  step,  using  the  above  developed  extended  averaging 
method,  the  PI  and  his  graduate  student  [2]  investigated  the  dynamic 
stability  of  stochastically  excited  general  linear  nonconservative  systems. 
Modified  stochastic  averaging  method  is  employed  to  obtain  the  contribution 
from  the  stochastic  components  of  the  stable  modes  to  that  of  the  critical 
modes.  Results  of  mean  square  stability  are  shown  to  depend  only  on  those 
values  of  the  excitation  spectral  density  near  twice,  difference  and 
combination  of  natural  frequencies  of  the  nonconservative  system.  The 
details  are  found  in  Appendix  A.  Subsequent  research  involved  applying 
these  techniques  to  obtain  an  understanding  of  co-dimension  one  [6,21]  and 
co-dimension  two  [7]  stochastic  bifurcations  that  occur  in  nonlinear 
nonconservative  systems. 

Statistical  properties  of  the  stochastic  response  of  a  system 
undergoing  a  Hopf  or  simple  bifurcation  in  the  presence  of  parametric  and 
external  excitations  have  been  obtained  [6,21].  It  was  found  that  the 
addition  of  small  stochastic  parametric  excitation  gives  rise  to  a  shift  in  the 
bifurcation  point  whereas  the  addition  of  external  excitation  modifies  the 
bifurcation  behavior  entirely.  The  result  is  shown  in  Fig.  1,  where  we 
observe  that  the  parametric  excitation  has  a  "stabilizing"  effect.  That  is,  it 
delays  the  transition  of  the  trivial  solution  (zero  equilibrium  state)  from 
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being  a  stable  solution  to  an  unstable  solution.  Physically,  this  indicates 
that  parametric  excitation  is  not  necessarily  undesirable  when  considering 
system  stability.  Furthermore,  it  is  shown  that  in  multidegree-of-freedom 
systems  the  contribution  of  the  stochastic  components  in  the  stable  modes  to 
the  drift  term  of  the  critical  mode  may  be  beneficial  in  terms  of  stability. 

The  stationary  probability  density  functions  have  been  obtained.  The 
effect  of  external  excitation  can  also  be  seen  by  comparing  Fig.  2  and  Fig.  3. 
This  distinguishing  feature  is  reflected  in  the  stationary  moments  of  the 
system  shown  in  Fig.  4.  The  above  findings  illustrate  the  non-intuitive 
behavior  possible  in  stochastically  perturbed  nonlinear  systems  on  the 
verge  of  bifurcation. 

A  dynamical  system  undergoes  a  co-dimension  two  bifurcation  due  to 
the  presence  of  additional  degeneracies  other  than  those  encountered  for 
the  simple  and  the  Hopf  bifurcations.  In  [7],  attention  is  restricted  to  the 
stochastic  version  of  the  case  of  double  zero  eigenvalues  with  non-semi¬ 
simple  forms.  The  case  under  investigation  is  that  in  which  the  normal 
form  associated  with  non-semi-simple  double  zero  eigenvalues  is  perturbed 
by  weak  Gaussian  white  noise.  Moreover,  since  the  normal  form  for  this 
case  represents  the  van  der  Pol  -  Duffing  oscillator,  it  can  be  viewed  as  a 
van  der  Pol  -  Duffing  oscillator  under  both  parametric  and  external 
excitations.  Detailed  analysis  of  the  stochastic  normal  forms  of  this  co¬ 
dimension  two  bifurcation  has  been  given  by  Sri  Namachchivaya  in 
Appendix  B. 

3.2  Applications 

The  major  goals  of  this  research  effort  were  to  examine  the  stochastic 
dynamics,  stability  and  bifurcation  behavior  of  various  nonlinear  stochastic 
problems  with  direct  impact  on  the  mission  of  AFOSR.  Such  problems 
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include:  aircraft  at  high  angles  of  attack,  panels  under  gas  flow  with  both 
turbulent  boundary  layers  and  random  axial  loads;  rotating  shafts  and 
rotating  systems  under  pulsating  loads;  propellant  lines  conveying 
turbulent  flow,  etc. 

3.2.1  Aircraft  at  High  Angles  of  Attack  [22,23] 

Consider  an  aircraft  in  steady  flight  at  an  angle  of  attack  s.  Suppose 
some  disturbances  take  place  at  time  t  =  0,  e.g.,  due  to  a  change  in  the  flap 
deflection  angle;  the  aircraft  will  subsequently  undergo  an  unsteady  motion 
relative  to  its  steady  flight.  Such  an  unsteady  motion  of  the  aircraft 
modifies  the  air  flow  and  hence  the  aerodynamic  forces  on  the  aircraft 
which  in  turn  determine  its  motion.  Thus,  the  aircraft's  subsequent 
motion  can  only  be  determined  by  simultaneously  solving  the  unsteady  flow 
equations  of  the  air  and  the  equations  of  motion  of  the  vehicle  as  a  rigid 
body,  aeroelastic  effects  being  assumed  negligible. 

Although  simultaneously  solving  the  coupled  equations  in  principle 
represents  an  exact  approach  to  the  problem  of  arbitrary  maneuvers,  it  is 
inevitably  a  very  difficult  and  costly  approach.  In  classical  aerodynamics, 
the  traditional  approximate  approach  is  to  assume  the  pitching  motion  to  be 
a  small  amplitude  periodic  oscillation  consisting  of  simple  harmonics.  On 
this  basis  the  flow  equations  are  decoupled  from  the  inertia  equation,  and 
are  linearized  to  determine  the  aerodynamic  response  to  such  a  harmonic 
motion.  The  so-called  aerodynamic  coefficients  thus  obtained  are  then  used 
to  predict  the  motion  of  the  aircraft.  Even  though  this  approach  ignores  the 
time-history  effects  on  the  flow  field  and  the  aircraft  motion,  it  gives  a  good 
approximation  for  calculating  the  aerodynamic  response,  and  hence,  the 
pitching  moment  from  the  unsteady  flow  equations.  This  approximation 
was  adopted  by  the  PI  in  his  investigations  [22,23]  of  this  problem. 
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A  complete  unfolding  of  a  co-dimension  two  bifurcation  due  to  a 
double  zero  eigenvalue  of  the  equations  of  pitching  motion  of  an  aircraft  was 
carried  out  in  the  vicinity  of  zero  stiffness  derivative,  and  zero  damping 
derivative.  Unfolding  of  such  a  singularity  uncovered  all  possible 
bifurcations  that  were  present  in  the  vicinity  of  the  singularity,  in  addition 
to  the  results  of  various  other  previous  investigations.  This  method 
provided  results  pertaining  to  uniqueness  of  limit  cycles  and  global 
bifurcations.  A  detailed  analysis  of  this  problem  is  presented  in  Appendix 
C. 

The  analysis  of  post-critical  behavior  of  aircraft  based  solely  on 
deterministic  nonlinear  analysis  has  not  proven  to  be  adequate.  The 
inclusion  of  the  effects  of  a  turbulent  atmosphere  increases  the 
sophistication  of  the  model.  It  is  possible  to  regard  isotropic  atmospheric 
turbulence  as  a  broadband  stochastic  process.  The  nonlinear  system  now 
has  stochastic  elements.  Appendix  D  contains  a  broader  description  and 
demonstrates  the  methodology  by  investigating  the  effects  of  atmospheric 
turbulence  on  the  lateral  dynamics  of  fighter  aircraft  at  large  angles  of 
attack  and  sideslip. 

3.2.2  Rotating  Shaft  [1] 

One  of  the  most  fundamental  components  of  a  mechanical  system  is 
a  rotating  shaft.  It  is,  therefore,  not  surprising  that  through  the  years 
considerable  effort  has  been  directed  at  obtaining  a  better  understanding  of 
such  mechanisms.  Toward  this  end,  an  analytical  method,  based  on  some 
of  the  mathematical  ideas  mentioned  above,  has  been  applied  for 
investigating  a  rotating  shaft  under  stochastic  excitations  of  small 
intensity.  Explicit  stability  conditions  are  derived  for  first  and  second 
moments  of  a  two  degree-of-freedom  rotating  shaft.  When  the  stochastic 
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excitation  is  a  white  noise  excitation,  the  first  moment  stability  conditions 
reduce  to  that  of  the  deterministic  case.  It  is  shown  that  the  addition  of 
non-white  noise  excitation  has  a  stabilizing  effect  on  the  parametric 
instability  of  harmonically  excited  rotating  shafts.  Finally,  the  stability 
conditions  of  a  symmetric  shaft  along  with  their  numerical  results  are 
presented.  The  mean  square  stability  conditions  for  purely  white  noise 
excitation  are  given  in  Fig.  5(a)  and  5(b),  where  S0,  D  and  W  are  the  spectral 
density,  nondimensional  damping  and  shaft  rotational  speed,  respectively. 
The  co  represents  the  normalized  natural  frequency  of  the  symmetric  shaft. 
Explicit  results  for  both  the  white  and  non-white  noise  cases  are  detailed  in 
Appendix  E. 

3.2.3  Propellant  Lines  Conveying  Pulsating  Fluid  [24,25] 

The  transverse  vibration  of  propellant  lines  of  large  liquid-fuel 
rockets  and  other  vehicles  continues  to  be  a  problem  for  the  space  industry. 
Here  it  is  realistic  to  assume  that  the  flow  is  turbulent  and  the  support 
excitations  are  random.  The  deterministic  problem  with  harmonic  flow 
velocity  has  been  investigated  as  a  preliminary  step  [24].  In  this 
preliminary  study,  the  ideas  related  to  the  method  of  averaging,  Poincare- 
Birkoff  normal  forms,  and  the  center  manifold  theorem  have  been  used  at 
different  stages  of  the  analysis  to  investigate  the  stability  and  bifurcation 
behavior  of  nonlinear  supported  pipes  conveying  pulsating  fluid.  Explicit 
results  for  the  stability  boundaries  of  the  trivial  solution,  as  well  as 
bifurcating  paths  and  their  stability,  have  been  obtained  for  values  of  the 
system  parameters  m  (amplitude  of  the  excitation)  and  u  (frequency  of  the 
excitation),  where  the  value  of  u  is  taken  in  the  neighborhood  of 
subharmonic  and  combination  resonances.  These  results  are  presented  in 
Appendix  F.  In  the  subsequent  study,  the  PI  included  the  effect  of  random 
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excitation  and  obtained  results  for  mean  square  stability.  The  detailed 

analysis  is  given  in  [25]. 
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APPENDIX  A 

I.  Introduction 

This  paper  investigates  tne  stability  of  the  trivial  solution  of  linear 
nonconservative  structural/mechanical  systems  with  stochastically  varying 
parameters.  The  stability  of  a  single  degree  of  freedom  linear  stochastic 
system  has  been  studied  by  several  Investigators.  Notably,  Stratonovlch  and 
Romanovskii  [1],  Weidenhammer  [2],  Craefe  C3l  found  that  stability  depends 
only  on  the  excitation  spectral  density  at  frequencies  near  twice  the  system's 
natural  frequency,  a  result  analogous  to  that  for  the  deterministic  Mathieu 
equation.  These  results  have  been  extended  by  Ariaratnam  and  Srikantaiah  [4] 
and  Sri  Namachchl vaya  and  Ariaratnam  [5]  for  general  multidegree  of  freedom 
conservative  nongyroscopic  and  gyroscopic  systems,  respectively.  In  this 
paper,  we  deal  with  oscillatory  multidegree  of  freedom  linear  systems  with 
gyroscopic  and  circulatory  forces  and  it  is  assumed  that  a  finite  number  of 
modes  undergo  flutter  instability,  while  the  remaining  modes  are  assumed 
stable.  For  systems  examined  in  [4,5]  the  method  of  stochastic  averaging, 
which  was  initially  proposed  by  Stratonovlch  [6],  has  been  used  to  obtain 
conditions  for  stability  in  the  second  norm  of  the  response.  However,  for  the 
system  under  consideration,  both  the  rapidly  oscillating  flutter  modes  and 
decaying  stable  modes  are  coupled  with  rapidly  varying  stochastic 
components.  The  asymptotic  behavior  of  such  a  system  Is  studied  using  the 
modified  method  of  averaging  [7,8], 

II.  Equation  of  Motion 

The  equations  of  motion  of  a  linear  nonconservative  system  subjected  to 
random  parametric  and  external  excitation  of  small  intensity  can  be  written  in 
the  matrix  form 

A  2  ♦  B  g  *  C  g  ■  cF(g,g,t)  (1 ) 

In  equation  (1),  the  n  vector  g  represents  the  generalized  coordinates  of  the 
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system,  A,  B  and  C  are  constant  nxn  matrices,  F  represents  an  n  vector  linear 
term  in  g  and  g,  i.e. 

F(g.g.t)  -  (d^  ♦  D2g)f(t)  ♦  ag(t) 

Furthermore,  the  matrix  A  -  A  represents  mass-like  terms  and  is  generally 
positive  definite.  The  matrix  B  «  p(D+G),  where  D  represents  linear  energy 
dissipation  terms  and  the  matrix  G  represents  the  gyroscopic  terms  arising 
usually  from  the  Coriolis  forces,  i.e.  G  =*  -GT.  The  matrix  C  =  K 
+  u(ki  +  K2),  where  K  *  K1  and  K1  *  K  are  stems  from  the  potential  energy 
and  the  centrifugal  forces  respectively,  and  K2  Is  an  antisymmetric  matrix. 
The  parameter  p  is  usually  referred  to  as  loading  parameter  in  mechanical 
system.  The  term  f(t)  and  g(t)  represents  the  time  dependent  stochastic 
perturbations.  Moreover,  the  matrices  D1 ,  D2  are  some  nxn  constant  matrices. 
It  may  be  noted  that  the  unperturbed  linear  (e-0)  equations,  when  both  D  and 
K2  are  identically  zero,  represent  a  conservative  gyroscopic  system  which  has 
been  studied  by  Sri  Namachchivaya  and  Ariaratnam  [5]. 

It  is  convenient  to  transform  equation  (1)  into  a  vector  form  of  2n- 
dimension.  Putting 


now  equations  (1)  can  be  transformed  into 

Rx  -  Sx  ♦  e  Qx  r(t)  ♦  e  s  g(t)  (2) 

It  may  be  noted  that  R  and  S  are  chosen  so  that  they  are  symmetric  when  A,  B 
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and  C  are  symmetric.  In  general,  the  unperturbed  system  Rx  -  Sx,  has  2n 

eigenvalues,  some  of  which  are  complex  conjugate  pairs 

A.  -  6.  ♦  i«.  ,  Au  -  6  -  iu.  ,j  -  1,2  ..  N  and  the  rest  may  be  real 

J  J  J  N+J  J  J 

eigenvalues  A.u  -  a.,  j  -  1,2..m,  such  that  2n  *  2H  +  m.  It  is  obvious  that 

<:N+J  j 

when  all  the  real  parts  of  the  eigenvalues  are  negative  and  large,  the 

unperturbed  system  will  be  asymptotically  stable  and  the  small  stochastic 

perturbations,  i.e.  f(t)  and  g(t)  will  have  negligible  effect  on  the  system. 

However,  as  the  loading  parameter,  u,  varies  and  reaches  a  neighborhood  of 

certain  critical  value,  some  of  the  real  parts  of  the  eigenvalues  approach 

zero  and  the  modes  corresponding  to  these  eigenvalues  are  sensitive  to  small 

perturbations.  In  this  paper,  the  effect  of  stochastic  fluctuations  on  linear 

nonconservative  system  (2)  undergoing  a  "flutter"  type  instability  is  studied. 

Consider  the  system  (2),  it  is  assumed  that  at  u  »  u  the  system 

cr 

contains  M  pairs  of  noncoincident  pure  imaginary  eigenvalues  with  no  resonance 
i.e.  n^ 

eigenvalues  have  negative  real  parts.  To  study  the  behavior  for  small 

derivatives  from  u  ,  let  u  *  u  ♦  n,  and  the  unperturbed  part  of  equations 

Cr*  cr* 

(2)  is  brought  to  the  simplest  form  that  has  a  minimum  coupling  to  this  end, 
consider  the  transformation  [9] 

x  -  CyT  ,  y  -  [u  V  w]  (3) 


+  n2w2  +  ..  nMuM  *  0  (nj  |  0,  integers),  and  the  remaining 


C  -  [2c1,  2d1,  2c2,  2d2 


where  U,  V  and  W  are  2M  2(N-M)  and  m  -  2(n-N)  dimensional  vectors, 
respectively  and  C  consists  of  column  vectors  that  are  the  real  and  Imaginary 
parts  of  the  eigenvectors  a  •  e  ♦  id  of  the  direct  eigenvalues  problem. 
Furthermore,  for  convenience,  the  eigenvectors  have  been  ordered  such  that  the 
first  M  eigenvectors  correspond  to  the  critical  eigenvalues.  Substituting  (3) 
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into  (2),  and  preraultiplying  by  the  adjoint  eigenvectors 

1  J  2  ,2  ^2N+1  w2n! 


-  r  1  2-2  K«=n1 

D  »  [e  t*f  #e  #“f  f  .*b  ,.,b  J 


where  b  is  the  adjoint  eigenvector  given  by  b  -  e  +  if  and  a  b 
yields 

U  -  A  U  +  e[K°U  +  M1  V  +  M2w]f(t)  +  es(1)g(t) 


=  <5 


V  »  B  V  ♦  e^U  ♦  Jv  +  L2w]f(t)  ♦  es^'g(t) 


w  -  C  W  +  c[n2U  ♦  p\  +  P2w]f(t)  ♦  es  3  g(t) 
*■»  *  *•  ***  *• 


(2) 

I 

(3). 


where  A  -  diag 
o 


B  -  diag 
o 


15J 

"J 

A6 

f 

-sj 

“j' 

■“j 

,  j  *  1  , 2  . .  M 


,  j  -  M+1,  M+2  N 


C  »  diag  (-  a  ,  -  a  , 
O  I  c 


a  ]  ,  m  *  2(n-N) 
ID 


K°  M1  M2 

N1  L1  L2 

N2  P1  P2 


-  DT  Q  C  ,  "  0(n) 


and  the  matrices  K,  L,  M,  N  and  P  are  explicitly  given  in  Appendix  A 
the  transformation,  V  ■  T  Z 


where 


diag 


cos(aijt)  3in(wjt) 
“sin(ujjt)  cos((iijt)J 


,  j  -  M+1,  M+2....N 


ij 


(4) 


Using 


the  system  (iJ)  is  transformed  into  the  form  as 
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M  Q 

^2J-1  "  “jU2j  “  €^kf^K2J-1,2k-1U2k-1  *  K2J-1,2kU2k] 

N-M  1 

+  E  ^M2j-1,2k-1co3^(11M+kt^  '  M2J-1 ,2kainl“M+kfc"Z2k-1 
k-1 

*  2k-1sl”(Vkt)  *  H2J-1,2k=°3(Vkt))Z2k> 

‘  J|tHfj-1.kWk1|f(t>  *  e32j-18<t)  *  e  4  ‘jVt 

“2J  *  “jU2j-1  "  e ^kf t f K2J-1 ,2k-1 U2k-t  *  K2J,2kU2kl  <5 

*  1  ■  H2j,2k3ln(Vit))z2k-i 

k»1 

*  (M2J,2k-13in(“'K-ktJ  *  M2j,2k°°3,Vkt,)z2k1 

*  r  [m|j  kHk]|r(t)  *  EOjj’gtt)  ♦  c2 a  «jii2J  , 

k-1 

Z2r-1  •  -{rZ2r-t  *  c|  1  ,t(N2r-1 ,2s-tc03(Vrt)  '  N2r.2s-13ln(Vrt))U2S-1 

3-1 

*  [i-l,2jco,(Vr'1  '  ,U!“(Vr,),llJ 

*  fU) 

♦  ets2r-1 C03^wM+rt^  '  s2r>sln^“M+rt^  g(t) 
hr  "  "  5rZ2r  *  t{  Z  H'Ih.Jh'V1  *  4r,2s-1 COs(  Vrt}  )U2s-1 

3"  1 
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*  t"2r-1.2Ssln(Vrt)  *  "2r.2seos(Vrt)>U25] 

+  +  *2r,^'t^  f(t) 

♦  e[s2^13in(o)M+rt]  +  s^  cosUH+pt)  ]  g(t)  ,  r  -  1,2,...N-M 


♦  e  sj3)  g(t)  ,  1  «  1,2. ..a 

— ( 1  )  1  —(2)  2 
where  <j>  '  =■  P  TZ  ,  \\>  »  PI  . 

the  first  2M  equations  are  critical  and  the  rest  n-2M  equations  are 
asymptotically  stable,  i.e.  6p  >>  0,  >>  0,  r  »  1,2,....,  M-N  and  i  * 
1  ,2. . . m . 

In  physical  systems,  the  excitations  are  real  noise  processes  and  results 
under  the  assumptions  of  white  noise  excitations  are  not  directly  applicable. 
However,  for  excitation  processes  with  wide  band  spectrum  of  nearly  constant 
spectral  density,  the  equation  of  motion  may  be  approximated  by  a  set  of 

A 

equivalent  Ito  equations  whose  solution  is  a  Markov  process  and  satisfies  the 
Fokker-Planck  equation.  The  results  obtained  may  then  be  applied  to  certain 
real  physical  systems.  This  approximation  is  made  by  applying  the  method  of 
stochastic  averaging  to  a  set  of  equations  in  "standard  form"  that  are  exactly 
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equivalent  to  the  equations  of  motion  (5).  Such  equations  in  standard  form 
are  achieved  by  means  of  the  transformation 


Vln*j 


a  cos* 

J  J 


where 


,  j  -  1  ,2,  . .  .M 

Substitution  of  equation  (6)  in  equation  (5)  yields  a  set  of  2n  first  order 
equations  in  a,  Z  and  W  in  the  form 


=  e[eF°(a)  ♦  Fj(a,$,Z,W,t)f(t)  ♦  G j ( $  » t ) g ( t ) ] 

♦j  -  e[ Pj(a,^,Z,Wft)f(t)  ♦  Cj(^,t)g(t)]/a  ,  j  =  1,2. ..M 

Z2r-1  *  '  6rZ2r-1  +  (a.$  ,Z,W,t)f  (t)  *  G^_,  (t )g ( t )  ]  (7) 

Z2r  *  '  6rZ2r  +  £[F2r^’* *?*¥*t)f  (t)  +  c|p(t  )g(t )  ]  ,  r  -  1.2....N-M 
Wk  *  “  akWk  ♦  e[Fk(a,$,Z,W,t)f(t)  ♦  ojJ(t)g(t)]  ,  k  -  1,2.  ..m 


where 
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F2r  *  4°)(a’^’t)  +  4r)(Z,t)  +  4r)(W,t)  * 
2r 


°2r  ‘  *  a^'eos(“M.rt) 


(2). 


-  X^0)  (a,$,t)  ♦  ^|n(Z,t)  *  *j2)(W,t) 
„4  J3) 


the  matrices  xf^,  X.^  are  explicitly  given  in  Appendix  B. 

a  $  w 

III.  Approximation  to  Markov  Process 

An  exact  solution  of  Eqs.  (7)  for  arbitrary  random  processes  f(t)  and 
g(t)  is  not  available.  However,  if  the  intensities  as  well  as  the  correlation 
time  of  the  processes  f(t)  and  g(t)  are  sufficiently  small,  using  a  limit 
theorem  due  to  Papanicolaou  and  Kohler  [7,10],  the  solution  process 
(a(t),  $(t)}  may  be  approximated  in  the  weak  sense  by  a  diffusive  Markov 
vector  process.  It  is  then  possible  to  solve  for  the  response  amplitudes. 
This  method  of  approximation,  known  as  stochastic  averaging  is  analogous  to 
the  ordinary  averaging  method  of  Bogoliubov  and  MItropolsky  [11]  for  the 
deterministic  case. 

By  making  use  of  the  formulas  of  Appendix  C  as  shown  in  Papanicolaou  and 
Kohler  [7,10],  one  can  obtain  the  drift  and  diffusion  terms,  however, 
evaluation  of  the  drift  and  diffusion  coefficient  defined  in  Appendix  C  is 
long  and  cumbersome.  Bypassing  some  of  the  algebraic  details,  drift  and 
diffusion  terms  are  given  as 
m 


a  .2 
r 


3a  2 
p  (.,* 


A6  a  ♦  J,  S„(0)  ♦  -7—  ( H,  ♦  J,  ) S „ _ ( 2a>  1 

r  r  8  1,rr  ff  16  v  1,rr  1 ,rrJ  ff  rJ 


2  2 

*  4a"  ^s2r-1  +  s2r  ^Sgg^ 


2 
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8  ,pp  * 


5  I  [-  K.3pVps  •  <,rsJi.3r>Sff(“r  *  “=> 
s  «*r 

(h“  j!  ♦  h“  j;  ]S  U  ~  u  ) 

1,sr  1,rs  1,rs  1,sr  ff  r  3 


-  K,P.<,3P  *  Ji,r3Ji,3r)*ff'“r  *  “3) 


^H1,rsH1,sr  “  J1 ,psJ1 ,sr^*ff^“p  '  “s^ 


*  ?  £,  ['  (H2,r3H3,3r  '  J2.r3J3,3r)Vl“r  *  “m*3> 

3=  1 


^H2,rsH3i sr  "  J2,r323,3r^ff^u,r  "  “h*s^ 


(H;,3rJ2,r3  *  H2'.P3J3,3r)  V“r  ‘  Vj 


-  (H3,P3J2',3r  -  H2.P3J3',3P>  5ff("p  *  V,’1 


"  8  £  ^M2p-1,3N3,2p-1  *  M2p,s"3,2p^ff^“p* 

3 


^M2r,sN3,2r>1  "  M2r-1  ,sNs,2r^  Sff^“r^ 


[ooT]. 


2  2 

1  ♦  1  a  2 

S2r-1  S2r  „  r  i  .  r_  ,♦  2  e  ,nN 

- 2 -  SgglV  *  T  J1,rr  Sff(0) 


ar.  ♦  *  -2 


8  ^H1,rr  *  J1 ,rr  ^  Sff^2wr^ 


A—  1 1 


M  a  *  ,2  .2 

*  I  -f-  ft",, r.  *  J1 ,r»)sff(“r  *  “»> 


3*r 


("i.rs  *  Ji.rJ  Sff(“r  '“s!) 


[troT] 


a  a 
r  s 


Vs/  J*  S  (0) 
4  J1,rrJss  bfrU) 


a  a 


I! _ 5  f  u+  u*  ♦  j  J  )  S  f  co  ♦  a)  ) 

8  'H1 ,rsH1 ,sr  J1,rs  1,srJ  ffL  r  s 


a  a 


-  r—  f h”  H-  -  J+  J*  )  S  (u>  -  to  ) 

8  1  1,rs  1,sr  1,rs  1,ar;  rr  r  s 


[aoT] 


a  4 
r  r 


IT  Hi,rrJi,rr  V°> 


[aa  ] 


a  4> 
r  3 


-1  H1 ,ssJl ,rr  Sff(0) 


8  ^H1 , srJ1  ,rs  +  H1,rsJ1,sr^  Sff^“r  " 


8  ^H1,srJ1,rs  "  H1trsJ1,sr^  Sff^r 


“3J 


[ooT] 


A  ^ 

TrTr 


i  2  i 2 

4  C  srir<0>  *  s.8'“n) 
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8  ^H1  ,rr  +  H1 ,rr ^  Sff^2“r^ 

U\rs  *  JUr3^  SffK  +  “aJ 


M  a  .2  2 

♦  E  — 


s*r  8a 


'  K.rs  *  Ji.rS>  Sff("r  '  “a’1 


[oa] 


<P  <P 
r  3 


rr  H  H  S...(0) 
1  ,rr  1,33  ff 


where 


h* 


ff' 


'ff 


J1 ,rsJ1 ,s r^ 

Sff(“r  ‘ 

U,3) 

J1,rsJ1.sr)  Sff^r  " 

±  K ^ 

1  1'2j  ,2k-1 

’  I.Jk 

*0 

"  2j,2k 

±  M1 

*  n2J,2k-1 

-  Jl.j« 

"  M2J.2k 

±  M2r,23-1 

•  J3,ra 

N2r,2s 

oa 

(  T  )  C03(DldT  , 

♦  (u) 

*  2/  Rff 
n 

-<5,t 


1 

S  («)  -  2  /  R^t)  e  coswTdx  , 


ff 


-6,t 


al  (uj)  -  R  (t)  e  1  cosuTdx  ,  i  »  1.2,.. 

ff  1  fr 


rr 


a.T 


•  r  i 

sff(u>)  -  2J  Rff(f)  8  COSUTdT  , 


ff 


t  K2j-1,2k-1 
±  M1 

*  2j-1.2k-1 

1  N2r-1,2s-1 
(i)slri(DTdT  , 

,N-M 
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♦re'-0 


2/  Rff(T) 


"V 

e  J  sinuidt 


J  *  1,2,...,m 


IV.  Stability  Analysis 

When  the  excitation  is  deterministic,  the  concept  of  stability  is  the 
usual  Liapunov  concept  employed  in  the  theory  of  stability  of  motion,  while  in 
the  case  of  stochastic  excitation,  a  definition  of  stability  must  be 
introduced.  There  are  several  definitions  of  stochastic  stability  in  the 
literature  but  most  investigations  have  been  concerned  with  only  two  types; 
namely,  stability  in  the  moments  and  almost  sure  or  sample  stability.  In  thi3 
paper,  we  shall  examine  only  the  moment  stability  of  the  trivial  solution. 

The  trivial  solution  a  *  0  of  the  system 

a  »  F(a,t,n(t))  »  0  ,  F(o,t,n(t))  »  0  (8) 

is  said  to  be  asymptotically  stable  in  the  nth  moment  if  all  joint  moment  of 
order  n  of  the  component  of  a  are  bounded  in  absolute  value  for  t  2  0.  For 
n-1 ,  the  trivial  solution  is  said  to  be  stable  in  the  mean.  For  n«2,  the 
trivial  solution  is  said  to  be  stable  in  mean  square. 

A  suitable  norm  ||y(t)||  of  the  state  vector  in  the  critical  mode  u  is 
defined  and  conditions  are  derived  such  that  E[|jy(t)||2]  remains  bounded  for 
t  tending  to  infinity.  The  norm  of  the  solution  vector  U  is  defined  by 


y| 


M 

[  E 

r-1 


(“fr-l 


<4J] 


1/2 


M 

■  [  E 
r-1 


2 1 1  /2 


ar^ 


E[||y||2] 


M 

£ 

r-1 


M 

£ 

r-1 


M 


so  that 
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where  M^it)  denoted  the  second  moment  of  the  amplitude  ar.  Hence, 
E/nM!2]*0  if  Mr  -  0  ,  r«1,2,...M 

By  using  the  Ito  differential  rule  [12];  namely,  if  g(a,t)  denotes  any 
twice  differentiable  scalar  function  of  a,  t  then  the  corresponding 

A 

Ito  equation  for  £(a,t)  is 


M  M 

d£  -  L(£)dt  +  e  I  I 

i»1  J-1 


ij  3a, 


where  L(*)  is  the  differential  operator 


L(.)  -|j  (•)  •  ,2 


.  .  2  1 
(* )  +  e  - 


n  n  „2 

z  E  lijSTST^ 

i-i  j-i  aVaj 


and  wj(t)  are  mutually  independent  Wiener  processes.  Taking  the  expectation 
of  both  sides  of  Eq.  (8),  the  differential  equation  governing  the  expected 
value  of  C  is 
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A 

rs 


1  M 

♦  t  z  [kc  S  fa  +  )  -  K,  S„(q”  ) 
*»  „  „  5,rs  rr  rs'  6,rs  ffv  rs 
s#r 


*  '7,rs*ff(nrJ  ‘  ‘S.r^ffKah 


1  N-M 

+  ^  3ft ^9,rs^ff^nrfM+s^  ‘  <10,rsSff ^Qr,M+s^ 


+  *11  .rs^ff^r.M+s^  ”  K12,rs*ff  ^r,M+s^ 


n  3f  J^U.rs^f^r^  "  K1 4,rs^ff ^ 


“r)] 


2A6 


4  [K2,rsSff(Qrs)  +  *4  ,rsSff  ^ ]  '  r‘3;  r’! 


(11) 


1,2, ...M  (12) 


where  the  quantities  i»1,2,...l4  are  defined  in  Appendix  D. 

Thus,  from  Eq,  (10),  necessary  and  sufficient  conditions  for  stability  in 
the  second  moment  are  that  all  eigenvalues  of  the  matrix  A  «  [Ajj]  have 
negative  real  parts.  These  conditions  may  be  found  by  applying  the  Routh- 
Hurwitz  criteria  to  matrix  A. 

If  the  excitation  has  a  broad-band  spectrum  with  a  constant  spectral 
density  SQ,  over  a  wide  band  of  frequencies,  l.e.  Sff.(ui)  -  Sf.f.(u>)  -  Sff(u)  - 

A 

SQ  and  <Pf^(«u)  »  <|>j,f((d)  -  i ^^(w)  ■  0,  then  the  matrix  A  remains  a  full  (no  zero 
elements)  nxn  matrix.  For  multi-degree  of  freedom  systems,  the  Routh-Hurwitz 
conditions  Involve  computation  of  determinants  of  large  matrices,  which  is 
tedious.  Thus,  the  stability  conditions  for  M-2  can  be  written  as 
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A  A 

11  22 


*12*21  <  0 


It  is  evident  from 
quantities,  implies  A12A21  >  0 
be  simplified  to 


Eqs. 

,  thus 


(12)  that  and  are 

C(i3  '  r  i  3 

the  stability  conditions  of  Eq. 


(13) 

positive 
(13)  can 


2A5 .  tSa„  <0  (14) 

1  oil 

24i2  .  So<.22  <  0 

So2(«„',22  -  #)  *  2So(i6.a22  *  *S2a1l)  *  ,4S14S2  >  0 


where 


Ml 


if*  ♦  <  )  >  -  f<  -  <  ) 

2  1  1,11  2,11 ‘  4  1  5,12  6,12; 


1  N-M 

*  *  sft  ~  <10 


+  1  gfi  <1 3, 1 


‘22  "  2  ^1,22  +  *2,22^  +  4  ^5,21  “  *6,21^ 


t  N-M 

*  4  1  ^9, 2s  ‘  *10 

3*1 


1  “ 

1  +  —  E  ic 

,2s>  4  *13, 


2s 


8  ’  16  ^*2,12  +  *4,12^  ^2,21  +  K4 , 21  ^ 


Returning  now  to  the  M-degree  of  freedom  system,  some  particular  forms  of 

excitation  spectrum  S(u>)  are  considered,  whose  values  are  small  everywhere 

except  in  the  neighborhood  of  some  <dq;  i.e.  S(<d)  vanishes  outside  the 

bandwidth  w  -  1/2  Aw,  <  hi  <  #,  +  1  /2  Au  .  The  correlation  time  of  such  a 

ooo  o 

stochastic  process  is  o(l/Au)0)f  while  the  relaxation  time  of  the  amplitude 
2  2 

process  is  o(l/e  ).  Therefore,  if  Au »  >>  e  ,  the  Markov  approximation 

obtained  by  use  of  the  limit  theorem  will  remain  valid.  In  the  following. 
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cases  in  which  u»  -  2w  and  u  I  id  ±  w  I ,  r,  s  -  are  considered, 

o  r  o  1  s  p 1 

Although  dealing  with  a  multi-degree  of  freedom  system,  knowledge  of  the 

frequency  content  of  the  excitation  can  simplify  stability  analysis. 

Taking  ui  -  lot  ±  w  I ,  (r* s),  it  is  evident  that  off-diagonal  elements  of 
o  1  r  s 1 

the  matrix  A  except  Ap3  and  Aar  are  identically  zero,  i.e.  A^j  -  0, 

i,j  *  r,s,  i»j  and  A^  ■  2A6it  i  *  r,s.  Furthermore,  if  uiq  *  2tu^  then  all  the 

off-diagonal  elements  of  matrix  A  are  identically  zero;  i.e.  Ajj  -  0,  i  *  J, 

and  A..  -  2A6 , ,  i  *  r,s  stability  conditions  for  oj  »  w  +■  w  can  be  written 
ii  i  o  3  r 

as 


A6  +  ^  k_  )  <  0 

r  8  5,rs  ffv  rs' 


A6  ♦  ^  k-  +  )  <  0 

s  8  5 , sr  ffv  rs' 


(15) 


7T  sf.fft  )(<_  —  tC_  K-  ) 

64  ff'-  rs M  5 ,rs  5,sr  2,rs  2,3 r' 


+  3-  s  (a*  )(&6<  *  A t  K  )  *  A6  A5  >  0 

o  fr  rs  r  5,sr  3  5,rs  r  3 


Similarly,  if  u)q  »  ,  r«*s,  the  corresponding  stability  conditions  are 


AA  -  a  S-.fo  )  <  0 

r  8  6,rs  ffv  rs' 


A6s  "  8  <6 ,sr  Sff^Qrs^  <  0 


(16) 


j  2  _ 

7T7  S^_(q  )(*..  ic ,  -  <„  ^  ) 

64  ff*'  rs'  6,rs  6,sr  4,rs  4,sr' 


‘  5  Sff(a™)(‘5rS,ar  *  *  4Sr4S.  >  0 
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Finally,  taking  u  ■  2oi  ,  the  stability  condition  Is  obtained  as 
*  o  p 

“r  *  i  Wrf(2“r>  <  0  (,7) 

It  may  be  noted  that  the  stability  condition  of  Eq.  (17)  can  also  be  obtained 

from  the  inequalities  of  Eq.  (15),  since  < ^  -  <2  rr • 

V.  Application;  A  Cantilever  Column  Subject  to  Stochastic  Follower  Force 

In  order  to  illustrate  the  general  results  obtained  previously,  we 
consider  a  cantilever  column  of  length  l,  mass  per  unit  length  m,  flexural 
rigidity  ET,  and  with  a  stochastically  varying  follower  force  p(t)  »  p0 
♦  ef(t)  as  shown  in  Fig.  1.  Equation  of  motion  and  the  boundary  conditions 
are  shown  as  [13] 


3x  3t  3x  3t2  3x2 


y(o,t)  “  *  0  « 


32yU,t)  33y(t,t)  . 

2  3  *  u  • 

3x  dx* 


# 

where  E  is  coefficient  of  internal  dissipation  which  is  assumed  to  be  Kelvin- 
Voigt  type  and  c  is  the  coefficient  of  external  damping.  Now,  defining  the 
dimensionless  quantities 


<5> 


1  /2 


* 

E 


B 


cl 


(Elm) 


1/2 


p  •  It  ■  p0  *  cFC,)  • 


The  dimensionless  equation  of  motion  is  obtained  as 
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a5n  a1,n  a2n  a2„  an 

3£43t  3C4  3C2  3t2  3t 


and  the  dimensionless  boundary  conditions  are 


3n  . 
n  "  3C  “  ° 


afn  .  if? 
H2  363 


at  5  -  0  , 


at  5  -  1  . 


This  problem  was  considered  in  a  different  context  by  Wiens  and  Sinha  [14]  and 
Parthasarathy  and  Evan-Iwanowski  [15].  The  discrete  equations  of  motion 
corresponding  to  Eq.  (18)  are  obtained  by  using  a  two  term  Ritz-Galerkin 
approximation  as 

I  9  *  B  g  ♦  C  g  «  eD^C-t)  g 

where  the  matrices  B,  C  and  D1  can  be  written  explicitly  as 


12.36a+B  0  12. 36  ♦0. 86P  -11.74P 

B  -  ,  C  -  °  ° 

0  485.52a  ♦  8  1.87P  485. 52-13. 29P 


-0.86 


11.74 


13.29 


The  characteristic  equation  of  the  system  (Eq.  (2))  is  obtained  as 
A4  ♦  ( 497.881 a*2B) A3  ♦  (497.881 +a2  ♦  497.88  aB  ♦  6002. 1602 


-  12.436P  )A  ♦  (12004.3a  ♦  497.8816  ♦  252.345aP^ 

O  0 


-  12.4368  PJA  ♦  6002.16  ♦  10.595  P  -  0  , 
o  o 


(19) 
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and  from  Routh-Hurwitz  criteria,  the  governing  equations  for  stability  are 

«  >  0  ,  6  >  0  , 

p  6  2  2  g  4 

(112.27482  ♦  55898. 9a8  -  4. 25255  10  a  )P*  -  (7.541  10  a 

»  ^  6  2  2  7  2 

-  2.842  10  a  8  +  2.855  10  a  6  +  8.039  10  a 

♦  18070. 3a83  ♦  6.668  106aS  ♦  24.872B4  ♦  13392. 782)PQ 

♦  3-587  1010a4  ♦  4.608  109a38  ♦  1.473  108a282 

♦  1.344  109a2  ♦  767666a83  +  1.115  108a8  ♦  995.762B4 

♦  223877s2  >  0  (20) 

In  an  earlier  study  of  the  deterministic  problem,  Leipholz  [13]  concluded  that 
rods  subjected  to  external  viscous  damping  does  not  affect  stability  and  can, 
therefore,  be  neglected.  From  Eq.  (20),  the  critical  force  in  Fig.  2  is  not 
affected  by  the  external  damping  for  the  case  of  internal  damping  a  =  0. 
Leipholz  also  showed  that  for  the  clamped-free  rod,  internal  damping  must 
always  be  considered  and  has  a  destabilized  effect.  In  Fig.  3,  the  structure 
with  Internal  damping,  the  smallest  flutter  load  turned  out  to  be  P-,r  =  10.68, 
which  is  less  than  Pcr  -  20.1  in  Fig.  2.  Consequently,  in  this  paper  we  shall 
only  consider  the  system  with  internal  damping  (i.e  .  a  *  0,  8*0). 

By  using  the  transformation  matrix  C  and  D  mentioned  previously,  one  can 
show  that  the  system  has  one  pair  of  purely  imaginary  eigenvalues  at  the 
stability  boundary  in  Fig.  3  and  bring  the  system  in  the  same  form  as  Eq. 
(4).  Now,  the  results  of  the  last  section  can  be  readily  applied. 

Numerical  calculations  were  done  for  different  internal  damping  a.  It  is 
evident  from  Eq.  (14)  that  the  stability  condition  for  the  second  moment  of 
the  linear  system  can  be  written  as 
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A<$  ♦  S 


fi  (■ 


Ml 


*2.1,1  *  S  <k9.i,  '  'io,h)]  <  0  • 


the  numerical  results  obtained  are  plotted  in  Fig.  H  which  also  shows  the 

effect  of  internal  damping  on  the  stochastic  stability  boundaries  of  a 

cantilever  beam  with  follower  force.  It  can  be  seen  that  the  stability 

regions  reduce  with  decreasing  value  of  internal  damping  a.  Furthermore,  as  a 

approaches  0,  the  whole  region  in  the  parameter  space  (AP,  Sq),  where 

AP  »  ( P  -  P)/P  ,  becomes  unstable. 
v  cr  cr 

VI.  Conclusion 

An  analytical  method  has  been  presented  here  for  studying  the  stability 
of  linear  nonconservati ve  multidegrees  of  freedom  system  subjected  to 
stochastically  varying  excitation  of  small  intensity.  These  systems  are 
typically  encountered  in  the  study  of  the  dynamic  stability  of  elastic 
structures  under  random  loads. 

The  equations  of  motion  were  first  transformed  into  2n  first-order 
equations  in  the  amplitude  and  the  phase  variables.  These  quantities,  by 
using  the  method  of  modified  stochastic  averaging,  under  suitable  conditions, 

a  * 

converge  to  a  Markov  vector  which  satisfies  Ito  equations.  From  the  Ito 
equations,  criteria  for  mean  square  stability  were  obtained,  with  the  aid  of 
the  Routh-Hurwitz  criteria.  In  analogy  with  the  deterministic  results,  it  is 
found  that  only  those  values  of  the  excitation  spectrum  near  twice  the 
system's  natural  frequencies  and  the  sums  and  differences  of  the  natural 
frequencies  influence  the  stability.  As  an  application,  the  stochastic 
stability  of  cantilever  columns  with  stochastic  follower  force  was  considered. 
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Appendix  A1 

The  matrices  K°,  L,  M,  H  and  P  are  explicitly  calculated  using  the 
eigenvectors  and  the  matrix  Q. 

K°,  M1,  N1  and  L1  are  the  partition  of  [o^j] 


K 


o 


] 

2Mx2M 


i i  ■  1 , 2, . .  .M 

‘j  -  1.2....M 


M 


1 


] 

2Mx2(N-M) 


> i  -  1 ,2,  . .  .M 
'j  -  M+1.M+2....N 


N 
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] 

2(N-M)x2M 


j i  -  M+1 ,M+2 , . . .  N 

-  1,2,  ...M 
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1 


] 

2  ( N — M )  x  2  C  ff— M ) 


i  -  M+1 ,M+2, .  .  .N 
j  -  M+1 ,M+2 , . . .N 


M2  and  L2  are  the  partition  of  [fl  ] 

•  w/ 


M 


2 


] 

2Mxm 


r i  *  1 ,2, . . .M 
j  *  1 , 2, . .  .m 


L 


2 


2(N-M)xm 


i  »  M+1 ,M+2 , . . .N 
j  •  1  ,  2 , IB 


and  P1  are  the  partition  of  [y±  ] 


N 


2 


] 

rax2M 


r 1  -  1  ,2. .  .m 
1  j  -  1  , 2. . ,M 


P 


1 


rax2(N-M) 


f i  ■  1 ,2, . . .m 
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r i  -  1 ,2, . . .m 
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The  matrices  X(i),  xfiJ  and  xA15  are  defined  as  follow 
a  9  w 


■  5  ajK,jJ  *  jT.jj00S2*j  * 

J 

*  5  •  *k>  *  Ji'.Jkeoa(*j  ■  V 

k-J 

*  Hi,jk3ln(‘j  -  \J  *  HI.j«sln(*j  *  V1 


X<')(Z,*,t)  .  i  "£%k-,(J2.jk3ln‘j  -  J2.jkSIn*l 
*  k*1 


-  HjiJkoo»;;  *  a;Jk=o3*;) 


,  N-H 

*  1  kf,  Z2kfH2,jkSl"»j  *  H2.jk3)n»J 


*  ^2 , Jk0Os3J  *  J2,jkC03*J) 
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k-1 
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♦5  ‘  K  1  “M.rJt  *  *3  • 


where 
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The  drift  and  diffusion  terms  can  be  obtained  by  applying  the  following 
limits  directly  to  equation  (7). 
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o  M  3F '  3F.  . 

-M  {/  [  Z  <  F  ♦  TT1  Ff  >  KJ*') 
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o  M  3F 


;  in.r, < Ff.t  *  sj  'I.x> 
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where  F*  ( • )  -  F*  ( • ,  t+x ) ,  g}  (•)  *  cj(-,tn),  H  is  the  averaging  operator 

j  »T  j  j  »t  J 

defined  by 

T 

M( • )  -  iim  T  f  (•)  dt 
t  '  T  -*  •  o 

Rff(t)  -  <f(t)  •  f(t-*-r)>,  <•>  denotes  the  expectation,  and  in  evaluating  the 
expectation  in  Eqs.  (7),  a  and  $  are  treated  as  constants.  Then  (a, <f>)  in 
Eqs.  (7)  can  be  uniformly  approximated  in  the  weak  sense  by  a  Markov  diffusion 
process  having  drift  vector  m  and  diffusion  matrix  [00  ]. 
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APPENDIX  B 


Introduction 

There  exist  several  natural  phenomena  that  vary  in  a  random  manner  due  to 
the  effects  of  large  numbers  of  unknown  factors.  Dynamic  systems  in  such 
environments  are  subjected  to  stochastic  excitations.  The  stability  and  the 
nonlinear  response  of  such  stochastic  systems  have  become  of  increasing 
interest  in  engineering.  Examples  of  stochastic  excitations  include  forces 
generated  by  jet  and  rocket  engines  in  modern  high-powered  aircraft,  space  and 
missile  structures,  as  well  as  excitation  due  to  earthquakes,  ocean  waves  and 
wind  gusts.  They  fluctuate  randomly  over  a  wide  band  of  frequencies  and  have 
to  be  considered  as  stochastic  functions  of  time  defined  only  in  probabilistic 
terms.  The  effects  of  such  fluctuations  on  nonlinear  systems  have  been 
studied  by  various  researchers.  For  one  dimensional  systems,  Horsthemke  and 
lefever  (1977)  and  Arnold  et.  al.  0978)  established  the  existence  of 
transition  or  bifurcations  solely  Induced  by  noise.  These  ideas  were  extended 
to  two  dimensional  systems  by  Arnold  et.  al.  (1979)  using  the  well-known 
Lotka-Voltera  model  for  two  interacting  populations.  The  effect  of  stochastic 
perturbations  upon  a  dynamical  system  exhibiting  co-dimension  one  bifurcations 
has  been  studied  by  Baras  et.  al.  (1982)  Graham  (1982),  Lefever  and  Turner 
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(1984)  and  the  author  ( 1 988a , 1 988b,  1989).  The  effect  of  additive  noise  was 
considered  in  (1982),  while  the  effect  of  multiplicative  noise  was  studied  by 
Graham  (1982).  The  author  (1988b, 1989)  considered  a  more  general  problem  in 
Rn,  with  both  multiplicative  and  additive  stochastic  excitations.  Even  though 
a  large  amount  of  work  in  co-dimension  one  stochastic  bifurcations  has  been 
reported,  there  is  still  considerably  more  work  to  be  done  in  stochastically 
perturbed  co-dimension  two  bifurcations.  The  goal  of  this  paper  is  to  present 
the  results  pertaining  to  the  statistical  as  well  as  the  sample  behavior  of 
nonlinear  systems  that  exhibit  a  particular  co-dimension  two  bifurcation  and 
subjected  to  random  excitations. 

A  dynamical  system  undergoes  a  co-dimension  two  bifurcation  due  to  the 
presence  of  additional  degeneracies  other  than  those  encountered  for  the 
simple  and  the  Hopf  bi furcations .  Such  degeneracies  can  be  classified  into 
two  types,  in  the  first  the  linear  part  is  similar  to  that  of  co-dimension  one 
bifurcation  but  additional  degeneracies  occur  in  the  nonlinear  terms  of  the 
normal  form  or  higher  order  degeneracies  occur  in  the  linear  part,  and  in  the 
second  the  linear  part  of  the  vector  field  is  doubly  degenerate.  In  this 
paper,  we  shall  consider  the  stochastic  version  of  the  oo-dimensior.  two 
bifurcation  of  the  latter  type.  There  are  three  cases  of  such  types  of 
degeneracy  with  two,  three  and  four  dimensional  center  manifold  where  the 
linear  part  can  have:  1)  two  zero  eigenvalues,  2)  a  pair  of  pure  imaginary 
eigenvalues  and  a  zero  eigenvalue  and  3)  two  pairs  of  pure  imaginary 
eigenvalues  without  1:1  resonance,  respecti vely.  For  a  deterministic 
symmetric  system  these  are  represented  by  the  following  three  cases  which 
depend  on  two  parameters  p^  and  p^: 


(1)  Double  zero,  nondiagonal izable  eigenvalues 

*  *  2  o 

X  +  U^X  ♦  XX  +  p^x  ±  »  0  . 

(2)  Simple  zero  and  pure  imaginary  pair  of  eigenvalues 

•  32*  2223 

r  ”  p1  r  *  arz  ♦  (or-5  ♦  drz  },  z  •  p?  ♦  br  -  z  ♦  (er  z  *  f z5). 


(la) 


(1b) 


(3)  Two  pure  imaginary  pairs  of  eigenvalues  without  resonance 
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=  u  r 

V  1 


a  r  ^  + 
111 


ai2rir2 


V2r2  + 


a2irl  +  a22r2 


(1c) 


The  detailed  analysis  of  these  cases  with  various  classifications  and 
unfoldings  are  summarized  in  Guekenheimer  and  Holmes  (1983)-  For  simplicity, 
in  this  paper  we  shall  restrict  our  attention  to  the  stochastic  version  of 
case  1,  i.e.,  double  zero  eigenvalues  with  nor.-semisimple  forms  as  in  Graham 
(1987). 

Statement  of  the  Problem 


Consider  a  co-dimension  two  bifurcation  associated  with  nor.semi-simple 
double  zero  eigenvalues,  whose  center  manifold  is  two  dimensional  and  the 
associated  normal  form  is  given  by  Guekenheimer  and  Holmes  (1983) 


u  =  v  , 

(2) 

3  2 

V  =  +  U2V  ±  u  -  u  V 

where  ^  and  u2  are  the  unfolding  parameters  and  Uj  *  m2  *  0  define  the  co¬ 
dimension  two  singularity  point.  We  are  interested  here  in  the  case 
where  the  normal  form  is  perturbed  by  weak  Gaussian  white  noise  and 
we  assume  without  proof  that  the  associated  normal  form  is  obtained  by 
letting  u  *  un(l  ♦  e  n.(t))  and  by  introducing  an  additive  noise 

term  e  n2(t)  in  the  second  equation.  It  is  worth  noting  that  the  influence 
of  additive  noise  for  this  case  was  also  considered  by  Graham  (1987)  and  as  in 
his  case  the  emphasis  will  be  given  more  to  the  bifurcation  behavior  as 
opposed  to  the  derivation  of  the  stochastic  normal  forms.  Moreover,  since  the 
normal  form  for  this  case  represent  the  van  der  Pol  -  Duffing  oscillator,  the 
problem  below,  given  by  equation  (3)  can  also  be  viewed  as  van  der  Pol  - 
Duffing  oscillator  under  both  parametric  and  external  excitations.  Detailed 
analysis  of  the  stochastic  normal  forms  for  various  nonlinear  stochastic 
systems  have  been  given  by  Sri  Namachchi vaya  (1989).  Thus  consider 
u  *  v  , 


wou 


P2v  t 


2 

-  u  v 


+  G 


1  /2 


[uqUh, (t)  ♦  n2 ( t ) J 


(3) 
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For  the  linear  equation,  since  the  stability  is  not  affected  by  the  non- 

A 

homogeneous  terms,  the  following  set  of  Ito  equations  is  examined: 


Bx  «•  o  x  dw 


where 


x  =  (u,v)  ,  B  = 


oil  fo  o] 

["■u  4  ■  °  •  l-  °J 


and  the  excitation  term  is  p  n(t)dt  =  vdw.  The  almost  sure  asymptotic 

o 

stability  condition  is  obtained,  using  the  approach  of  Khasmir.skii  (1967),  by 
examining  the  Lyapunov  exponent  X.  For  the  above  equation,  the  value  of  A  can 
be  obtained  in  the  same  manner  as  in  Kozin  and  Prodromou  (1971)  and  Nishioka 
(1976)  and  is  explicitly  given  as 

2ir 

A  =  J  Q( 0 )p( 9  )  d0 
0 

where 

2  12  2 

Q ( 9 )  =  (y  +  l)  cos0  sin9  +  y^sin  9  +  J  v  cos  9  ?03^8 


C  S(  — ir/2 , 9  J 
2  4 

p(0)  *  V  COS  0  3 (9) 
p(9-ir) 


-  ir/2  S  0  <  n/2 


ir/2  S  0  S  3^/2 


s(-ir/2,e]  =  /  s(Od5  ,  s(£)  -  — ]-y-  exp  [  tan—^(  f  (^ ) ) ] 

-ir/2  cos  £  3v 


f(£)  =  2tan  £  "  3w2tan5  -  6yQ 


and  C  is  a  normalizing  constant.  If  A  is  negative,  the  sample  paths  are 
stable  with  probability  one.  However,  in  this  paper  our  attention  will  be 
focused  on  the  analysis  of  the  nonlinear  system. 
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Analysis 

It  is  obvious  that  for  both  t  u^,  the  two  dimensional  system  undergoes 
stochastically  perturbed  co-dimension  one  bifurcations  when  the 
parameters  yQ  and  u2  take  the  values  u2  *  0,  y^  =  0  (simple)  and  y^  <  0 
and  =  0  (Hopf)  and  have  been  studied  before  (Arnold  et  al.,  1978;  Sri 
Namachehivaya ,  1988).  Thus,  in  this  section,  we  consider  the  bifurcations 

associated  with  the  reduced  normal  form  which  represents  a  weakly  perturbed 
conservative  system.  Such  a  reduction  is  obtained  by  using  the  rescalings 

2  2  -  2-  - 
yQ  =  e  vQ,  iJ2  =  ev2’  u  =  cu>  v  =  ev  ,  t  =  et  , 

and  henceforth  omitting  the  bars  from  the  scaled  variables  for  simplicity,  we 
can  reduce  Eq.  (3)  to  the  form 


^  *  v  u  ±  u^  +  e[(v  -  u2]v]  +  e  /2[vnun1(t)  +  n_(t)],  (l4) 

at  u  c  u  i  c 

which  can  be  interpreted  as  either  a  Stratonovich  or  ar.  Ito  equation  since  the 

2 

correction  term  is  identically  zero.  Now  introducing  H  =  v  /2  +  P  _( u), 

2  U  2 1  * 

Pi  ->(u)  =  -  v„u  /2  ±  u  /iJ ,  G(u)  =  (v_  -  u  J,  the  Ito  equations  for  u  and  H 

1  t  <-  0  2 

can  be  written  as 


du  *  /Q^  ^ )  ^t 


dH  =  g { Q1  2(u)G(u)  ♦  F(u) |dt  ♦  e1/2/Q1  2(u)  (a*(u)  dw^ 


(5) 


where 


Q1(2(u)  -  2(H  -  P  (u))  ,  F(u) 


*  i-1 


V 
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In  the  sequel  we  consider  only  two  cases,  namely: 

(i)  H  =  v2/2  *  pi(u),  v  <  0,  and  the  fixed  points  are  given  by 

1  o 


(0,0)  *+  stable  and  (±  /-  Vq,  0]  ♦*  unstable.  The  Hamiltonian  levels  of 
interest  lie  within  H  =  (o.v2/1))  and  u0~=  ~  vo  +  ^  vo  ~  ^  * 


H  =  v2/2  ♦  P2(u), 

v  >0,  and  the 

0 

fixed 

points 

are 

gi  ver. 

by 

(0,0)  ♦+  unstable  and  ( 

±  /v  ,o)  **  stable. 

The 

Hami Itonian 

levels 

of 

interest  lie  within  H  = 

( -  v2/^,o)  and  u^“ 

=  h 

o 

r  2 

±  1  v  * 
v  o 

^H)1/2 

\'n  ■ 

N'ow  applying  the  theorem  of  Khasmir.ski  i  (1968),  we  obtain  the  one 
dimensional  Ito  equation 


dH  =  A(H)  dt  ♦  o  ( H)  dw 
HH 


(6) 


where 


a  (H) 
o 


S(H>  ■  (ack>3  1  ,0(a>  /01,2|U)  *  /a.  ,(U) 


F(u )  jJu  _  (3(H)  *  C(H), 


U  (H) 
o 


‘1  ,2' 


A  ( H ) 


B(H)  =  l[5(v2/vo)(2-m]<i  -  Hfm^-  m+l)jE(m) 


5/2 


-  2[5(v2/v  )(2-o)(1-m)  -  (2-m) ( 1 -m) ]F(m) } 
v  1  /2 

C ( H)  =  (r2-)  !(S1iv2)E(m)  ♦  (s„/2v  ) ( 2-m ) F( m ) ] 

2- m  1 1  n  ss  n 


1 1  o 


22  o J 


-2 

°HH(H)  ”  VA(H) 


u  (H) 

-(Trir)  I 


/ai.2<u)  |2F(u,|du  ■  -TThT 


(H) 

o 


5/2 

v 

o2  (H)  -  (fcHjrJ  l[5(S.?/vn](2-ra]2  +  US. .  v'(m'-m*1 )  ]  E(m) 


2f_2 


HH' 


15  2-mJ 


'22  vo 


1 1  o 
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-  2[5(S22/vo](2-m)(1-m) 


S, i vq  (2-m) ( 1 -m) ]F(m) } 


♦ 

A ( H)  =  /  °_ 


u 

0 


(H) 

(H) 


du 


/Q1,2(U) 


r ~  i 1 /2 

-  F(m)  ,  T(H) 


2A(H) 


v  2(m-1) 

H  =  77  72  ’  and  2C(H)  "  dH  ^°HH^ 

1 2-m  J 

In  the  above  equations  F(m)  and  E(m)  are  complete  elliptic  integrals  of  the 
first "and  second  kinds,  respectively.  By  solving  the  correspond ing  Fokker- 
Planck  equation  the  stationary  probability  density  is  obtained  as 

wst(H)  =  const.  expjij/}  (7) 


where 


2j 


5(H) 


°hh(h) 


dH  *  In  ( A ( H) 3  . 


The  stationary  probability  density  functions  are  shown  in  Fig.  1  for  various 
values  of  excitations.  In  Fig.  la  the  parametric  excitation  is  varied  while 
keeping  the  external  excitation  fixed  and  vice  versa  in  Fig.  1b. 

Following  the  arguments  of  Stratonovich  (1963),  the  probability  density 
that  the  displacement  u  at  time  t  given  the  value  of  H,  i.e.  p(u,t|H),  is 
proportional  to  the  time  a  system  spent  at  u  knowing  that  the  energy  level 
is  H.  Furthermore,  the  time  u(t)  spends  at  the  point  u  is  inversely 
proportional  to  the  velocity  and  thus 


1  1 
T(H)  7q~Tu7 


w(u|H) 


and  w(u,H)  -  w(H)  W(ujH) 
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and  the  density  in  u  and  v  can  be  written  as 

H(u , v ) 

f  2 

w(u,v )  =  const,  exp  [2  J  {B(y)/o  (y)  }dy]  . 

H  HH 

o 


(8) 


For  the  associated  deterministic  problem,  i.e.  n^(t)  =  n.,(t)  = 
0,  9H/3t  =  0  gives  constant  energy  loops  such  as  limit  cycles  and  separatrix, 
and  the  corresponding  parameter  values  u  and  u_  which  satisfy  B(H)  =  0  can  be 
obtained  for  values  of  H£(o,v  and  H  €[  -  respectively  for  case 
(i)  and  case  (ii).  As  before,  the  extrema  of  W(H)  given  by  S-jz/S H  =  0  denote, 
so  to  speak,  the  continuation  of  the  deterministic  constant  energy  levels  or 
the  "limit  cycles"  ar.d  are  given  by 


2A(H)B(H) 


2  ^A(H)  -  r 

°HH  H)  dH  ° 


(9) 


The  stability  of  such  limit  cycles  is  determined  by  the  sign 
2  2 

of  (3  '4-/3  h)„  .  These  results  are  shown  in  Fig.  2,  where  the  left  hand 

side  of  equation  (9)  is  ploted  against  m  ar.d  the  most  probable  values  are 
given  by  point  m.,.  In  addition  to  these,  the  "fixed  points"  of  the 
stochastic  system  are  obtained  by  solving  3^/3u  =  0  and  3ij//3v  =  0,  and  their 
stability  is  determined  by  the  matrix  of  the  second  derivatives  of  tj>. 

Exit  Time  Problems 

In  order  to  examine  the  stochastic  stability  of  the  equilibrium  points 
from  the  Ito  equation  of  the  Hamiltonian  H,  it  is  important  to  determine  the 
domain  of  attractions  of  the  deterministic  system.  Knowing  the  domain  of 
attraction  we  car.  say  that  the  stochastic  system  losses  stability  (w.p.1)  when 
the  trajectories  cross  the  boundary  of  thi3  domain.  In  the  sequel,  the  domain 
of  attraction  of  the  deterministic  system  is  calculated  for  some  regions  in 
the  parameter  space  for  the  case  p2^v0,u^  *  ~  (v*/2)u  +  u 

It  is  obvious  when  vQ  <  0  and  v 2  <  0,  the  trivial  equilibrium  point  is 

asymptotically  stable  and  when  vQ  <  0  and  v2  -  0,  the  deterministic  system 

undergoes  a  Hopf  bifurcation  and  stable  limit  cycle  exist  for  v  <  0 

o 

and  \>2  -  0.  Similarly,  when  v2  <  0  and  »  0  the  deterministic  system 


undergoes  a  simple  bifurcation  and  two  stable  equilibrium  points  exist 

for  v2  <  0  and  vq  >  0  .  Furthermore,  applying  Bendixson's  criterion,  i.e.,  if 

the  divergence  of  the  vector  field  in  R2  has  a  fixed  sign  (zero  excluded)  in  a 

simply  connected  region  D  in  R^  the  system  has  no  closed  orbits  lying  entirely 

in  D,  we  have  ( v2  -  u  )  <  0  for  <  0  implying  no  closed  orbits  encircling 

all  three  fixed  points.  The  associated  stochastic  problems  for  Hopf  and 

simple  bifurcations  were  discussed  by  the  author  ( 1  988a , 1 989 ) .  In  this  paper, 

attention  is  focussed  on  the  region  v  >0  and  v_  >  0. 

o  £ 

Every  periodic  orbit  for  the  deterministic  system  must  encircle  one  or 
all  three  equilibrium  points  crossing  the  u-axis  at  (b,o).  If  b£(o,/vo)  then 
the  periodic  orbit  is  a  limit  cycle  encircling  the  equilibrium 

point  (/vq,o).  Due  to  symmetry  i.e.,  ?2(u)  =  -  P 2(~u),  there  exist  another 

periodic  orbit  encircling  the  equilibrium  point  (-  /v  ,o).  Let  the  periodic 
orbit  for  the  perturbed  deterministic  system  be  denoted  as  b1  , vq , \>2 ) . 
Along  the  solutions  of  Eq.  (4)  with  n1  =  n2  =  0,  we  have 

H  =  ev2G(vu)  (10) 

and  since  re(b,vQ,v2)  is  a  closed  path  we  also  have 


/  Hdt  =  0,  i.e.,  f( b , e , v  ,v  )  =  /  v  G(  v  ,uj  dt  »  0 

r  0  r 

e  e 

The  function  F(b,o,vo,v2)  s  B(b)  may  be  written  explicitly  as 


B(b)  -  \>2Jo(b,vQJ  -  J1(b,vo) 


where  J  =  f  v2dt  and  J.  »  f  v^u^dt 
o  1  J  „ 


Thus,  the  solution  of  F(b,o,vo>v2}  5  B(b)  =  0  is  given  by 


v2  ”  Vb,vo^  ' 


OH 


(12) 


(13) 


Differentiating  (12)  yields 
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(b,o.vo>v2)  -  J0(b.v0)  *  0 

which  implies,  by  the  implicit  function  theorem  (IFT)  that  there  exists  a 
unique  continuously  differentiable  function  v*(b,e,vo)  such 

that  F( b ,e , , v*( b , e , vq) )  =  0  for  sufficiently  small  c  and 

v*(b,o,vQJ  *  J1 (b,vo)/Jo(b,vo) 

Having  shown  the  existence  of  limit  cycle  by  IFT,  we  next  proceed  to  list 

various  periodic  orbits  present  in  the  region  v2  >  0  and  >  0.  However,  it 

is  convenient  to  employ  in  place  of  b  another  parameter  H,  which  corresponds 

to  the  energy  level  H  =  -(b2/2)  (v  -  b2/2).  This  change  of  parameters  is 

2°  — 

justified,  since  3H/3b  =  -  b(v  -  b  )  is  zero  only  at  b  =  t  /v  and  0,  which 

o  2  ^ 

are  the  fixed  points.  Thus,  for  H  £[-  v  A,o],  making  B(H)  s  0  yields 

v2(h,vq)  =  Jf(H)/J  (H)  =  R(  H(m) )  •  05) 

u+(H)  „  1/2 

where  J  (H)  =  /  (2H  +  v  u  -  du 

O  O  d. 

u"(H) 
o 

=  (2/3)[vo/(2-m)3/2[(2-m)E(m)  -  2(1-m)F(m)] 

u*(H)  „ 

J,(H)  «  /  (2H  m  u  -  f],/2  u2du 

1  J  0  2 

Vo(H) 

=  (14/15)  [v0/(2-m)]5/2[2(m2  -  m  *  1  )E(m)  ♦  (2-m) (m-1 ) F(m) ] 

and  m  =  2(v2  +  HH)1/2/[vq  ♦  (v2  +  ^H)^2]  ,  m^[o,l] 

The  following  limits 

lim  v2(H(m),vQ)  -  vQ  and  11m  v2(H(m),  vQ)  -  (M/5)vq 

o  ■*  0  m  ■*  1 


06) 
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agree  with  the  calculations  of  Hopf  bifurcation  (local  analysis)  and  saddle- 
loop  (using  Melnikov  integrals)  respectively  in  the  region  vQ  >  0 
and  v2  >  0  (see,  for  example,  Guckenheimer  and  Holmes  1983).  Furthermore,  it 

can  be  shown  as  in  Carr  (1981)  that  the  limit  cycle  encircling  each  of  the 

nontrivial  fixed  points  is  unique  for  H  fin  -  v^/4,0]. 

rt  should  be  further  noted  that  as  the  noise  terms  tend  to  zero,  the 
extrema  given  by  equation  (9)  tend  to  the  steady  state  solution  of  the 
deterministic  system  given  by  (15).  This  further  emphasizes  the  fact  that  the 
most  probable  values  are  so  to  speak  the  continuation  of  the  deterministic 
steady  states.  The  critical  values  of  both  equations  (9)  and  (15)  are  given 
in  Fig.  2.  However,  in  this  paper  the  domain  of  attraction  is  obtained  using 
the  critical  points  of  the  determinist ic  equation  (15)  which  are  shown  in  Fig. 
3.  It  can  be  seen  that  the  noise  terms  lower  the  critical  values. 

How  that  we  have  established  the  domain  of  attractions,  we  formulate  the 
exit  time  problem  associated  with  the  nontrivial  fixed  points  in  the 

region  x>2  >  0 ,  >  0  and  determine  the  probabilistic  information  concerning 

the  time  T  when  the  stochastic  response  process  first  passes  out  of  a  local 

domain  of  attraction  of  the  fixed  points.  Since  there  are  two  simply 

connected  domains  for  H€[-  vq  /4,o]  we  shall  concentrate  on  the 
region  v  #[v  ,(4/5)v  ].  Furthermore,  for  a  specific  value  of  \>2  and  there 

is  a  unique  value  of  H  or  equivalently  m€(.0,1J  given  by  m  =  R  ^v2'/vo 

defines  t he  boundary  f  of  the  domain  (see  Fig.  3). 


dm  »  p  (m)  dt  ♦  o  (m)dw 
m  mm 


(17) 


where 


».(»)  ■  (fkl1  tB(">  *  5  35  [°2<“)1]  •  r<”> 


mv  3/2F(m) 
o 


(2-m) 


5/2 


o2  (m)  =  (77— r)  [o2(m)]  ,  a2(m)  -  0 
mm  r  (.nu 


2  (2-m)' 

HH  2 
rav 

o 


,  0  S  ra  S  1 


Suppose  that  at  time  t  -  0 ,  the  state  of  the  system  corresponds  to  some  point 
defined  by  mQ  within  D.  When  the  random  disturbance  is  applied,  we  are 
Interested  in  the  time  T  It  takes  for  a  trajectory  at  m0  to  reach  the 
boundary  r  of  D  for  the  first  time,  i.e. 
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T  *  rain  {t:  m(t)€r  |  m(0)  =*  mQ} ,  raQcD  (18) 

Now  defining  the  probability  that  a  trajectory  has  not  reached  the 
boundary  r  during  time  interval  t  as 

P(t,moj  =  Pr(t  <  T  (moJ|  (19) 

the  Kolmogorov’s  (backward)  equation  is  written  as 


3P  t  i  (  \  df  f 

—  It, m  l  =  u  m  J  - —  +  -  o 
3x  o  m  o  3m  2  mm 

o 


3P 


1 


<■.)  £  ■  ‘•ft— o” 

o 


(20) 


with  the  initial  and  boundary  conditions 

p(o,mo)  =  1  rn^D  ,  P (  t  , )  =  0  m,€r 

The  distribution  function  of  the  first  passage  time  Pj,[t  *  t]  •  1  -  p(r,mo) 
and  the  corresponding  Pontriagin  equation  for  the  nth  moment  is  given  by 


L[M  (m  )]  =  -  nM  ,(m  )  and  M  (m  )  =  0 
nv  o  n-1  o  n  c 


(21  ) 


Finally,  the  mean  first  passage  time  can  be  written  as  the  solution  of 


i  ?  3Mi 

L[M1(mo]]  ’  2  °mm  (mo]  ~ 2  imo]  +  \[mo]  *T  (mo}  =  "  1  (22) 

dm  o 

o 


with  M1 (mc)  »  0 . 

In  addition  to  the  boundary  condition  M^m,,)  -  0,  a  boundedness 
condition  at  m0  *  0,  M^O)  <  ®,  is  usually  imposed  on  the  solution  to  uniquely 
determine  M^m  ).  This  condition  by  itself  implies  that  the  left  boundary  m0 
*  0  Is  not  an  absorbing  boundary.  This  condition  may  be  violated  if  the  noise 
term  vanishes  at  mQ  «  o,  and  cannot  then  be  used  to  obtain  the 
solution.  It  is,  therefore,  Important  to  understand  the  behavior  of  the 
diffusion  process  ra(t)  near  the  boundary  m0  »  0  according  to  various  Feller 
classification  (see,  for  example,  Feller,  1954;  Ito  and  McKean,  1964;  Karlin 
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and  Taylor,  1981).  To  this  end,  consider  an  interval  (0,  m.,]  and 

let  &€(o,mc)  be  an  interior  point  such  that  m(t)  is  a  regular  diffusion 

process  in  [A,m  ].  Putting  Tx  as  the  hitting  time  of  x,  we  can 

define  M,(m  )  as  the  mean  time  to  reach  either  A  or  rru,  i.e. 

1 v  o' 

M  ( m  )  =  E{T,  A  T  I m(0)  =  m  |  for  A  <m  <m 
1 '  o  A  m  1  o  o  c 

and  can  be  evaluated  as 


M  (m  )  =  2[l  -  a(m  ,m  )/a(A,m  )]  /  r(n)a(n,m  )  exp[$(n)]dn 
1  o  o  c  c  c 

m 

o 

m 

° 

+  2a (m  ,m  ]/a(A,m  ]  J  r(n)a(A,n)  exp[$(n) ]dn  (23) 

o  c  c 

A 


where 


4>( n )  =  J  2p '  X~  dx  ,  a(z  ,z  )  =  /  exp[ -  4>(x)]  - - 

o  02(x)  1  2  „  o 2 ( x ) 

Z1 


In  order  to  classify  the  boundary  behavior,  consider  the  following 
quantities  Yq  and  3q,  which  "an  be  respectively  defined  as  roughly  the  measure 
of  time  to  reach  the  left  boundary  0  starting  from  an  interior  point 
m0€(o,mc)  and  the  measure  of  time  to  reach  an  interior  point  mQ  starting  from 
the  left  boundary  0.  They  are  defined  as 


z  .  z 

Y  =»  J  — —  |J  T ( n )  exp[$(n)]dn}  exp[-  4>(x)]dx  (2*0 

0  o  <j  Cx)  x 


8  *  /  r(n)  (/  exp[-  ( x ) ]  - }  exp[#(n)]dn  (25) 

0  o  n  o  (x) 


where  z  is  an  interior  point.  The  Feller  classification  of  the  left  boundary, 

0,  in  terras  of  Y  and  8  is  as  follows: 

o  o 

(1)  The  left  boundary  0  is  regular ,  if  Y  <  •  and  SQ  <  •.  The  process  can 
both  enter  and  leave  from  the  boundary,  0.  In  other  words,  the  process 
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starting  from  an  interior  point  can  reach  the  boundary  with  some  positive 
probability  in  finite  time.  Similarly  the  process  starting  from  the 
boundary  can  reach  an  interior  point  with  some  positive  probability 
infinite  time. 

(2)  The  left  boundary  0  is  an  exit,  if  Y  <  ®  and  B  =  ®.  The  process 

-  oo 

starting  from  an  interior  point  can  reach  the  boundary  with  some  positive 
probability,  but  starting  at  0,  it  is  impossible  to  reach  any  interior 
point  mo£(o,m^j.  Furthermore,  the  exit  boundary  is  either  a  trap  or  an 
absorbing  point. 

(3)  The  left  boundary  0  is  an  entrance,  if  Y  =  ®  and  B  <  ®.  An  entrance 

-  o  o 

boundary  cannot  be  reached  from  any  interior  point,  i.e.  the  probability 
is  zero  that  the  process  starting  at  an  interior  point  can  reach  an 
entrance  boundary.  Furthermore,  the  process  starting  from  an  entrance 
boundary  moves  at  once  to  the  interior  never  to  return  to  it. 

(4)  The  left  boundary  0  is  natural,  if  Y  =  ®  and  8  =  ®.  The  process 

-  o  o 

starting  from  an  interior  point  cannot  reach  the  boundary  in  finite  time 
and  the  process  cannot  reach  any  interior  point  starting  from  the  natural 
boundary. 

Using  this  classification,  Kozin  and  Sunahara  (1987)  established  some 
stability  properties  of  the  singular  point,  0.  In  the  similar  lines  we 
establish  an  instability  condition  for  the  singular  point  0. 

Theorem: 

Let  the  singular  point  0  be  the  left  boundary  of  the  interval  (0,mc]. 
The  singular  point  is  unstable  in  probability,  i.e.  the  event  {sup 
|m(t:mo,0)|  <  e)  has  probability  zero  for  all  mQ  >  0,  if  the  following 
conditions  are  satisfied 

i)  0  is  an  entrance  boundary,  i.e.  Yq  =*  ®  and  B  <  ® 

ii)  mc  is  a  regular  or  an  exit  boundary,  i.e.  Y  <  ® 

m 

where 

m 

C  X 

7  -  /  —  {/  r (n )  exp[*(n) Jdn}  exp[-  *(x)j  dx  .  (26) 

rac  •  z  o  v  x )  z 
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Moreover,  the  mean  time  to  reach  m0  is  given  by 

m  m 

o  c 

M.(m  )  =  2  j  r(n)  (/  exp[-  ( x ) ]  -r - }  exp[$(n)]dn  (27) 

1  0  m  n  o  (x) 


and  M1 (0 )  <  ®. 

Proof: 

The  proof  follows  the  boundary  behavior  according  to  the  above 
classif ication.  From  the  definition  of  BQ  it  is  obvious  that  8q  <  ®  implies 

z 

Him  J  r ( n )  exp[<t(n)]  dn  <  00  ,  A  <z<  mo 
A  +  0  A 

and  hence  for  an  entrance  boundary  the  following  relationship 

z 

Y  +  b  =  iim  {a C A  , z )  /  r ( n )  exp[*(n)]  dnf 
0  0  A  +  0  A 

yields  iim  a(A,z)  =  00 .  Thus  for  some  m0,  0  <m0<z<m^,  the  Pr  (Tz  <  T  |m(0) 

A  *  0 

=  mQ}  is  given  by 

iim  [l  -  a(m  ,z]/a(A,z)]  -*  1 
A  0  ° 

Moreover,  since  SQ  <  ®  we  conclude  that,  the  process  starting  at  ny  mjSCo.z] 
reaches  z  in  finite  time  with  probability  one.  If  the  right  boundary  is 
regular,  the  z  is  replaced  by  mc.  The  right  boundary  is  attractive  and 

attainable  when  m„  is  an  exit  point.  Thus  for  both  these  cases 

Pr  (sup  |m(t:m  ,0)|<e}  =  0,  for  all  m  >  0 
t  >  0  ° 

Now  using  the  fact  iim  a(A,m.J  =  •  the  exit  time  can  be  obtained  from 

A  *  0  0 

equation  (23)  as  (27). 

For  the  problem  under  consideration,  numerical  calculations  indicate 

that  Y  »  «,  8  <  •  and  Y  <  ®  and  thus  the  singular  point  0  is  unstable  in 

oo 
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probability.  The  mean  exit  time  to  reach  can  be  calculated  using  equation 
(27).  These  results  are  shown  in  Fig.  4. 

Conclusions 

In  this  paper,  a  special  case  of  co-dimension  two  stochastic  bifurcation 
associated  with  nor.semi-simple  double  zero  eigenvalues  is  examined.  The 

normal  form  associated  with  this  case  is  two  dimensional  and  corresponds  to 
the  stochastically  perturbed  van  der  Pol  -  Duffing  equation.  The  stochastic 

.  averaging  method  appropriate  for  the  Ito  equations  is  applied  to  obtain  a  one 

A 

dimensional  Ito  equation  for  the  Hamiltonian.  The  probability  density,  and 
its  extrema  are  obtained.  It  is  found  that  the  extrema  of  the  density 

function  correspond  to  the  least  probable  value  from  which  the  process  leaves 
rather  quickly.  The  critical  extrema  values  m0  of  the  stochastic  system 
approach  the  values  of  m  at  which  the  deterministic  unstable  limit  cycle  exist 
as  the  noise  terms  tend  to  zero.  Furthermore,  the  effect  of  additive  and 
multiplicative  noise  terms  on  the  values  of  m^  are  demonstrated  and  it  is 
shown  that  the  noise  term  lower  these  critical  values.  In  order  to  examine 
the  stochastic  stability  of  the  equilibrium  points  from  the  Ito  equation  for 
Hamiltonian,  the  domain  of  attraction  of  the  deterministic  system  is 
obtained.  The  stability  in  probability  and  the  mean  exit  time  are  calculated 
using  the  domain  of  attraction.  The  stability  ir.  probability  is  obtained  by 
examining  the  boundary  behavior  of  the  one  dimensional  diffusion  process.  An 
instability  theorem  is  stated  and  proven.  It  is  found  that  the  nontrivial 
fixed  points  are  unstable  in  probability.  The  mean  exit  time  to  reach  the 
boundaries  of  the  domain  of  attraction  is  determined  for  various  noise  levels. 
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Figure  Caption3 

Fig.  la  The  stationary  density  vs  m  for  parametrically  perturbed  system. 

Fig.  1b  The  stationary  density  vs  m  for  system  with  both  parametric  and 
external  excitations. 

Fig.  2a  The  comparison  of  critical  points  of  the  stochastic  system  with  that 
of  c-he  deterministic  system. 

Fig.  2b  The  critical  points  vs  the  stochastic  case. 

Fig.  3  The  right  boundary  of  the  domain  of  attraction  vs 

Fig.  4  The  mean  exit  time  vs  m0- 
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APPENDIX  C 

I.  Introduction 

Recently  Hul  and  Tobak1  analyzed  the  Hopf  bifurcation  that  results  when 
the  steady  flight  of  an  aircraft  becomes  unstable  in  pitch  by  increasing  the 
angle  of  attack.  For  the  case  of  a  double  wedge  aerofoil  it  was  found  that, 
in  addition  to  Hopf  bifurcation,  degenerate  Hopf  bifurcation  can  also  take 
place  due  to  the  violation  of  a  certain  transversality  condition  .  Since  such 
degenerate  bifurcation  is  nongeneric.  Sri  Namachchivaya  and  Van  Roessel3  made 
use  of  the  results  of  singularity  theory  to  unfold  these  bifurcations. 

The  purpose  of  this  note  is  to  extend  these  results  on  the  nonlinear 
analysis  of  a  pitching  aircraft  at  high  angles  of  attack.  It  will  be  shown 
that,  in  addition  to  the  above  mentioned  co-dimension  one  and  two 
bifurcations,  there  exist  co-dimension  two  bifurcations  associated  with  a 
double  zero  eigenvalue.  Usually  a  zero  eigenvalue  implies  a  simple 
bifurcation.  In  the  case  of  a  double  zero  eigenvalue  with  non-semisimple 

Jordan  form  and  no  further  degeneracy,  two  parameters  are  required  for  a 
complete  universal  unfolding^.  All  possible  bifurcations  that  take  place  in 
the  neighborhood  of  this  bifurcation  point  will  be  obtained  by  making  use  of 
these  unfolding  parameters.  A  family  of  limit  cycles  may  branch  off  from  the 
equilibrium  surface  in  the  vicinity  of  such  a  critical  point.  For  the 
equations  of  motion  for  a  pitching  wedge  such  a  double  zero  eigenvalue  does 
occur  at  certain  critical  values  of  the  system  parameters.  The  partial 
unfolding  for  this  case  is  carried  out  below. 

Consider  an  aircraft  In  steady  flight  at  an  angle  of  attack  o.  Suppose 
some  disturbances  take  place  at  time  t  ■  0,  e.g.  due  to  a  change  in  the  flap 
deflection  angle;  the  aircraft  will  subsequently  undergo  an  unsteady  motion 
relative  to  its  steady  flight.  Such  an  unsteady  motion  of  the  aircraft 
modifies  the  air  flow  and  hence  the  aerodynamic  forces  on  the  aircraft  which 


in  turn  determine  its  motion.  Thus  the  aircraft's  subsequent  motion  can  only 
be  determined  by  simultaneously  solving  the  unsteady  flow  equations  of  the  air 
and  the  equations  of  motion  of  the  vehicle  as  a  rigid  body,  aeroelastlc 
effects  being  assumed  negligible. 

Although  simultaneously  solving  the  coupled  equations  in  principle 
represents  an  exact  approach  to  the  problem  of  arbitrary  maneuvers,  it  is 
inevitably  a  very  difficult  and  costly  approach.  In  classical  aerodynamics, 
the  traditional  approximate  approach  is  to  assume  the  pitching  motion  to  be  a 
small  amplitude  periodic  oscillation  consisting  of  simple  harmonics.  On  this 
basis  the  flow  equations  are  decoupled  from  the  inertia  equation,  and  are 
linearized  to  determine  the  aerodynamic  response  to  such  an  harmonic  motion. 
The  so-called  aerodynamic  coefficients  thus  obtained  are  then  used  to  predict 
the  motion  of  the  aircraft.  Even  though  this  approach  ignores  the  time- 
history  effects  on  the  flow  field  and  the  aircraft  motion,  it  gives  a  good 
approximation  for  calculating  the  aerodynamic  response  from  the  unsteady  flow 
equations  and  hence  the  pitching  moment.  This  approximation  which  has  been 
adopted  by  Hui  and  Tobak^  and  Sri  Namachchi vaya  and  Van  Roessel^  in  their 
investigations  of  this  problem  is  used  in  this  paper. 

II.  Statement  of  the  Problem 

Consider  an  aircraft  in  flight,  free  to  undergo  a  single  degree  of 
freedom  pitching  motion.  The  equations  of  pitching  motion  can  be  expressed  as 


da 

dt 


a  , 


M(t ) , 


(1) 


where  a  is  the  instantaneous  angle  of  attack,  I  is  the  moment  of  inertia  of 
the  vehicle  about  the  pivot  axis,  and  M(t)  is  the  pitching  moment  at 
Instantaneous  time  t  of  the  aerodynamic  forces  about  the  same  axis.  When  the 
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motion  is  slowing  varying  ,  the  pitching  moment  M(t)  may  be  characterized  with 
sufficient  accuracy  by  the  instantaneous  angle  of  attack  a(t)  and  the 
instantaneous  rate  of  change  of  the  angle  of  attack  a(t).  Suppose  a  =  a  is  an 
equilibrium  state  of  the  system  of  Eqs.  (1);  then,  putting  a(t)  =  o  +  ip ( t ) , 
the  variational  equations  about  the  equilibrium  position  can  be  written  as 


=  J 

dt 


dip 

dt 


M(t) 


(2) 


where  \p  is  the  angular  displacement  of  motion  measured  from  the  angle  of 
attack  a  of  the  steady  flight.  It  is  assumed  that  the  moment  required  to  trim 
the  aircraft  at  o  has  been  accounted  for,  so  that  M(t)  is  a  measure  of  the 
perturbation  moment  only  and  is  determined  from  the  instantaneous  surface 
pressure.  As  noted  earlier  following  the  mathematical  modeling  approach  of 
Tobak  and  Schiff^,  instantaneous  pitching  moment  can  be  given  as 


P  V 

r  en  re 


M(t) 


SL  [C  (0,0, o,h)  -  C  (*,*,o,h)] 


m 


where  pb  and  are  the  free  stream  density  and  velocity,  respectively;  S  and 

L  are  the  reference  area  and  length;  and  h  represents  the  distance  between  the 

apex  and  the  pivot  position  as  defined  in  Fig.  1.  The  function  C  (4>,i,o,h) 

m 

represents  the  pitching  moment  coefficient  of  the  aerodynamic  forces  about  the 

pivot  axis  and  C  (0,0,<j,h)  is  its  steady  value  at  a  fixed  angle  of  attack  a. 

m 

Even  though  Cm  depends  on  the  flight  Mach  number  ,  the  specific  heats  of 
the  air  and  the  aircraft  shape,  these  parameters  will  be  considered  as 
"passive"  parameters  in  this  analysis.  For  a  finite  amplitude,  slow,  pitching 

motion  with  angular  displacement  <p(t)  around  a  mean  angle  of  attack  o,  with 

•2  “  1 
terms  of  0(4»  ,♦)  assumed  negligible,  we  can  write 
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-  C  (^.♦,a,h)  -  f (a  +  t#i, ti)  +  g (a  ♦  S,h)<J>, 
m 


which  reduces  the  second  of  Eqs.  (2)  to 


*  F(4»,j>,o,h) 


where 


Ff^,<|>,o,h) 


M(t) 


<[f(o  ♦  ip,h)  -  f(o,h)  ♦  g(o  +  , 


'  •  5T  ».  vf  sl 

Equations  (2)  represent  a  pair  of  autonomous  differential  equations  in 
the  trivial  solution  of  which  is  if>  =  0.  The  objective  of  this  investigation 
is  to  understand  the  stability  and  the  bifurcation  behavior  of  the  stationary 
solutions  of  Eqs.  (2)  as  the  system  parameters  o  and  h  are  varied. 

III.  Bifurcation  of  Fixed  Points 

The  functions  f(o,h)  and  g(o,h)  are  related  to  the  stiffness 
derivative  S(o,h)  and  the  damping  derivative  D(o,h)  of  classical  aerodynamics 
as  follows: 


k  (o,h)  -  -  S(o,h)  ,  <g(o,h)  -  -  D(o,h) 

Introducing  new  state  variables  x  -  \|>,  y  -  Eqs.  (2)  may  be  written  in  the 
form 

x’  -  y, 

y’  -  v  +  v  *  v2  *  v  y  *  Pi  *3  +  «i*2y*  (3) 

*  1  3S 

-  -  S(o,h),  u2  “  "  D(o,h)  »  Pq  “  "  2  3o  » 


where 


C-5 


q 


o 


3D 

3o 


(o,h) 


1  3' S  ,  .  .  -  1  3  D  .  . 

3!  3<j2  (a,h)  ’  Q1  2  3(j2  (o,h)‘ 


It  is  evident  that  the  nongeneric  case  y  =  y_  =  0  i.e.,  D(o  ,h  )  =*  0  and 

12  c  c 

S(o  ,h  )  =  0,  gives  rise  to  a  double  zero  eigenvalue  with  non  semisimple 
c  c 

Jordan  form  as  the  Jacobian.  It  is  well  known  that  the  damping  and  the 
stiffness  derivatives  are  respectively  quadratic  and  linear  in  h,  i.e.. 


D(o,h)  -  Dq( a )  ♦  0,(0)  h  ♦  D2(o)h2 

S(o,h)  -  S  (o)  ♦  S  (o )h 
o  i 

Furthermore,  the  qualitative  variations  of  the  quantities  D(a,h)  and  S(o,h) 

with  o  and  h  can  be  found  in  Hui^  for  double-wedge  aerofoil.  The  variations 

of  the  components  of  S  and  D,  namely  SQ,  S,  ,  DQ,  D,  ,  and  D2  are  given 

graphically  in  Sri  Namachchi vaya  and  Van  Roessel^.  The  critical  values 

of  o  and  h  are  obtained  by  letting  D  «  S  *  0  in  the  above  expressions.  The 

critical  parameter  values  and  the  various  coefficients  needed  for  the  analysis 

are  given  in  Table  1  for  t  *  t,  *  5°.  Introducing  new  variables  x,  y  and  new 

0  1 

time  t, 


x  - 


P  .qo  *  0 
o  o 


yields 

x  -  y, 

y  ’  “ix  ♦  u2y  ♦  x2  ♦  xy  ♦  p,x3  *  q^y, 


where 


(4) 


The  theory  of  normal  forms  deals  with  finding  near  identity  coordinate 
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transformations,  which  simplify  the  analytic  expressions  of  the  nonlinear 
terms.  The  resulting  simplified  nonlinear  equations  are  said  to  be  in  normal 
form.  Eqs.  (4)  are  in  normal  form  since  the  expression  for  the  normal  form, 
for  a  nonlinear  system  with  quadratic  and  cubic  nonlinearities  and  a  double¬ 
zero  non-semisimple  Jordan  block,  is  identical  to  that  of  Eqs.  (H). 
Furthermore,  when  the  quadratic  nonlinearities  are  not  identically  zero,  the 
higher-order  terms  (i.e.,  cubic  terms)  do  not  contribute  to  ■  -alitative 
changes  in  the  phase  portrait.  Thus,  a  simplified  set  of  equations 

x  -  y  ,  (5) 


2 

y  =  +  w2y  ♦  x  ♦  xy  , 

which  reveals  all  the  principal  phenomena  contained  in  the  general  problem 
will  be  analyzed.  In  Eqs.  (5),  p.,  and  u2  are  the  unfo'ding  parameters  and  are 
related  to  the  determinant  and  the  trace  respectively  of  the  linear  operator 
of  Eq.  (3).  We  first  seek  the  fixed  points  of  Eqs.  (5)  which  are  given  by 
(x0.y0)  “  (0,0)  and  (x0,yQ)  -  (-  u^O).  Putting  x  =  xQ  +  u  and  y  =  y0  +  v, 
the  variational  equations  about  the  fixed  point  can  be  written  a3 

u  =*  v,  (6) 


2 


v  -  c^u  *  a^v  +  u  *  uv, 

where  a1  »  u1  <  2xq,  and  a 2  “  v2  *  Xo*  e(Senvalue3  0 f  the  fixed  point  are 

given  by 


1 


1,2 


(7) 


It  is  evident  from  Eq.  (7)  that  the  fixed  point  is  asymptotically  stable 
if  r1  <0  and  <  0,  and  goes  through  a  Hopf  bifurcation  at  a?  ■  0 
and  a1  <  0.  Thus,  making  use  of  the  transformation 
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Eq.  (6)  in  the  neighborhood  of  <*2  •  0  can  be  written  as 

. —  1  2 

5  -  a-C  -  /-a  n  ♦  - n  ♦  n  5, 

2  '  ^  (8, 

n  -  /=5  5. 

n 

Now  the  formulas  for  Hopf  bifurcation  given  by  Guckenheimer  and  Holmes  are 
used  to  obtain  the  equation  governing  the  bifurcating  path  as 

2Ra3  ♦  a2a  -  0  ,  R  -  -  ^  , 

where  "a"  represents  the  amplitude  of  the  bifurcating  periodic  solution. 
Since  a1  <  0  it  is  obvious  that  the  fixed  points  undergo  an  unstable 
subcritical  Hopf  bifurcation  when  a 2  =  0.  Moreover  the  fixed  point  goes 
through  a  simple  transcr itical  bifurcation  at  o1  *  0  and  a ^  *  0.  It  may  be 
noted  that  the  fixed  point,  a  3table  node  for  <  0  and  an  unstable  node 
or  a2  >  0,  becomes  a  saddle-node  at  -  0  while  undergoing  a  transcr  itical 
bifurcation. 

IV.  Global  Bifurcations 

It  is  clear  from  the  analysis  performed  thus  far  and  Fig.  2,  that  the 
phase  portraits  in  region  (3)  and  (4)  are  not  homeomorphic  since  the  former 
has  a  limit  cycle  and  the  latter  does  not.  For  similar  reasons,  regions  (8) 
and  (7)  are  also  not  homeomorphic.  Hence,  there  must  be  additional  global 
bifurcations  occurring  in  which  the  nature  of  the  fixed  points  do  not  change, 
but  the  phase  portraits  as  a  whole  undergoes  a  topological  change.  In  this 
section  such  global  bifurcations  are  examined.  The  fixed  point  is  a  saddle 
point  when  >  0,  and  making  use  of  the  transformation 

2  3  2  2 

u  -  e  Zj  ,  v  •  e  Zj  ,  a1  -  e  v1  ,  *  e  Vg  and  t  -  et. 


yields 
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dT  •  Vi  *  Z12  *  £  (V2Z2  *  Z1Z2} 


where  J e J < <  1  and  e  S  0.  For  c  -*■  0  the  above  equations  become  an  integrable 
Hamiltonian  system  with  Hamiltonian 


2  3 

z  z 
1  1 


H(z1  ,z2)  «  2  "  V1  2  '  3 


and  (z1  »  z2  *  o)  is  a  stable  point  and  possesses  a  "saddle  connection". 
Since  the  Hamiltonian  is  conserved  the  level  curves  H  =  constant  are  solutions 
of  Eqs.  (10)  with  e  =  0.  Furthermore,  the  value  of  the  Hamiltonian  at  the 
saddle  point  is  H(0,0)  -  0,  and  the  points  of  intersections  of  the  saddle  loop 
with  the  axis  z2  *  0  are  =*  0  and  z1  *  ”  |  V1  *  The  unPert'urbed  trajectories 
of  the  saddle- loop  at  *  -  j  can  be  obtained  as 


-  *  v 

z^t.t^  =  -  —  sech  [  ~y~  (t-to)], 


3v  3/2  /v~  i/v 

z2it,t0)  -  sech2  f“2^  (t_to^  tanh  [~2~  (t-to)]. 


Following  the  Melnikov  procedure  given  in  Guckenheimer  and  Holmes1  for  the 
perturbed  autonomous  system  (10)  (with  e  *  0),  we  obtain  the  condition  that 


/  v2(t,tQ)  [v2  ♦  u(t,tj)  dt  -  0 


for  the  saddle  connection  to  not  break  under  perturbation.  Eq.  (12)  may  be 


written  as 
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f  (vj  ?/2(l1  -  I2)  -  0 


2v  •  8v 

2  r  4  2  2 

where  I1  =*  J  sech  5  tanh  £d£;  = 


1 2  -  /  sech6  £  tanh2 


Thus  the  saddle  connection  is  preserved  when 


v2  =  7  V1  0r  a2  *  7  °1 


It  can  be  concluded  that  there  exist  two  saddle  connections:  one 

6  1 
at  u2  =  -  u1  passing  through  the  trivial  solution,  and  one  at  “  7  that 

passes  through  the  nontrivial  solution  as  shown  in  Figure  1. 

The  above  calculations  indicate  the  existence  of  a  limit  cycle  in  the 

regions  3  and  8  in  Fig.  2.  The  uniqueness  of  this  limit  cycle  will  be 

O 

demonstrated  following  the  procedure  outlined  in  Chow  and  Hale  and  Carr  et. 

g 

al  .  Every  limit  cycle  within  the  saddle-loop  must  encircle  the  equilibrium 
point  (-v^oj  crossing  the  x  axis  between  -v^  and  0  at  (b,0).  Let  the  other 
crossing  point  be  (c,0).  The  limit  cycles  for  the  perturbed  system  is  denoted 
as  ,v2).  Along  the  solution  of  Eq.  (10)  we  have 

H(z1  ,z2)  -  e  z2(\>2  ♦  z} ) 

and  since  r  (b.v^v^)  Is  a  limit  cycle  we  have 

/  Hdt  -  0,  i.e.,  F(b,e,v1 ,v2)  -  /  z2(v2  ♦  )dt  -  0 

re  re 

The  function  Ffb,0,v,  ,v>2)  may  be  written  explicitly  as 

Ffb.O.v,  ,v2)  -  V  (b,v,)  *  jjb.v,) 


03) 
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where 

3  (b.v  )  -  J  z^dt  ,  J^b.v  )  -  J  z  z*dt 

r  r 

0  0 

Thus,  the  solution  of  F(b,0tv1#v2)  -  0  is  given  by 

v2  -  -  3,(0, v,)  /  30(b,v,)  . 

Differentiating  (13)  yields 

|^-  (b.o,v,,v2)  -  30(b,»,)  -  o 

which  implies,  by  the  implicit  function  theorem  (IFT)  that  there  exists  a 
unique  continuously  differentiable  function  v*(b,e,v1)  such 

that  F(b,e,v1 ,v*(b,e,v1 jj  *  0  for  sufficiently  small  e  and 

v»(b.o,v, 1  -  -  3,(b,v, )  /  30(b,v,) 

Having  shown  the  existence  of  a  limit  cycle  by  IFT,  we  proceed  to  show  that 
the  limit  cycle  is  unique  for  a  given  value  of  v1  and  v2  by  demonstrating 
that  v*  is  monotonic  in  b.  However,  it  will  be  more  convenient  to  employ  in 
place  of  b  another  parameter  h,  which  corresponds  to  the  energy  level  i.e. 

h2  b3 

h  -  H(b,o)  *  ~  vi  2~  _  j- 

This  change  of  parameter  is  Justified,  since  dh/db  -  -  b{v1  ♦  b)  >  0  for 
-  \>1  <  b  <  0.  Thus 

v2  -  -  ^(h)  /  J0(h]  -  -  F(n)  (IK) 

where  J0(h)  -  J0(b(h),v1),  J^(h)  -  J^(b(h),v1)  and  the  dependence  of  v1  is 
suppressed.  Since  z2(b(h))  -  z2(c(h))  -  0,  it  can  be  verified  that 
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c(h)  dz  c(h)  z 

J;(h)  ..  r-  • 


b(h)  2 


b(h)  2 


Furthermore,  the  li'dits 


J.’(h) 

Lim  P(h)  »  -  (6/7)v.  and  Lim  P(h)  *  Lim  T.TvTT  =  "  v, 

i  ,  ,  J '  ( h ;  1 

h  •*  0  h  *  -  V/6  h  *  "  V/6 

agree  with  the  previous  calculations  of  saddle-loop  and  Hopf  bifurcations. 
The  following  relationships  between  JQ(h),  J^h)  and  their  derivatives  can  be 


obtained  using  the  expression  for  Z2; 


J  (h)  -  v,2  J’(h)  -  / 
o  11 


c(h)  z 

-  dz 

b(h)  Z2 


5 J  (h)  -  6h  J ' (h)  ♦  v.  J'(h)  -  0 

o  o  II 


35J1  (h)  ♦  6[hvltT(h)  -  (v^  ♦  5n)j*  (h)  ]  *  0 

(v  3  ♦  6h)  J  *  *  ( h )  -  J' (h)v.  ♦  JMh) 

1  1  011 


6h(v1  3  ♦  6hJ  J”  -  vT2Jj(h)  -  6h  JJ(h) 


Now  using  the  above  relations  one  can  show  that  If  P’(hj)  -  0  for  some 

’  . .  3  /f  1  4.  w— _ 


h1  e(-  v^/6,0)  then 


,  P”(hjj  (hj  6h,  2  6h  , 

6hih3  *  «,)  Htr  -  -  ^  ♦  -i  h 3  * < 0 


7v12P2(h1)  ♦  6(v.t3  -  2h1)P(h1)  -  6h^}  -  0 


(16) 
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Since  6h,  (v  ^  ♦  6h. )  <  0  and  J_(h, )  /  J*(h, )  <  0,  it  follows  from  the 

l  '  1  1  '  u  i  0  1 

inequality  ( 1 6a )  that  P"(h,)  >  0.  Furthermore,  it  follows  from  Eq.  (16b) 
that  -  v,  <  P(h,  )  <  0.  In  other  words,  if  there  is  a  point  h1  for  which 
p*(h,)  -  0,  then  the  function  P  is  concave  up  at  this  point  with  the  value  of 
the  function  at  this  point  lying  between  -  v,  and  0.  Since  the  end  points  of 
pCh! )  are  at  -  v1  and  -6/7  v1 ,  p*(h)  *  0  for  h,e[-  v,3/6,o),  in  fact  p'(h)  > 
0.  Thus,  p(h,)  is  a  monotonically  increasing  function  implying  a  unique  limit 
cycle . 

V.  Discussion  of  Results  and  Conclusion 
The  results  of  this  analysis  are  illustrated  in  Fig.  2,  where  the  space 
of  unfolding  parameters  is  divided  into  ten  regions  indicating  the  various 
bifurcations  and  phase  portraits  of  Eq.  (5).  In  passing  from  region  one  to 
region  two  along  OS,,  the  nontrivial  fixed  point  changes  from  an  unstable  node 
to  an  unstable  focus  while  the  trivial  solution  remains  a  saddle  node.  Along 
OH,  ,  the  nontrivial  fixed  point  undergoes  a  Hopf  bifurcation  giving  birth  to 
an  unstable  limit  cycle.  It  has  been  shown  that  this  limit  cycle  is  unique 
and  disappears  along  0L,  due  to  a  global  bifurcation  and  a  saddle  loop  that 
passes  through  the  trivial  fixed  point  is  produced.  The  nontrivial  fixed 
point,  in  passing  from  region  four  to  region  five  along  OS j ,  changes  from  a 
stable  focus  to  a  stable  node  while  the  trivial  fixed  point  remains  a  saddle 
node.  Along  0T  a  transcritical  bifurcation  takes  places  where  an  exchange  of 
stability  between  the  trivial  and  nontrivial  fixed  points  occurs.  Finally,  in 
going  from  region  six  through'  to  region  ten  the  nontrivial  fixed  point  remains 
a  saddle  node  while  the  scenario  of  bifurcations  for  the  trivial  solution  is 
similar  to  that  of  the  nontrivial  fixed  point  detailed  above  and  presented  in 
Figure  2. 

In  this  note  a  complete  unfolding  of  a  co-dimension  two  bifurcation  due 
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to  a  double  zero  eigenvalue  of  the  equations  of  pitching  motion  of  an  aircraft 
was  carried  out  in  the  vicinity  of  zero  stiffness  derivative  s(oc>hc)  »  0,  and 
zero  damping  derivative  D(oc,hc)  *  0.  Unfolding  of  such  a  singularity  will 
uncover  all  possible  bifurcations  that  may  be  present  in  the  vicinity  of  the 
singularity,  in  addition  to  the  results  of  Hui  and  Tobak  .  Even  though  the 
problem  considered  is  not  rich  enough  to  fully  demonstrate  the  method  of 
unfolding  of  a  co-dimension  two  bifurcation  point,  as  most  of  the  local 
results  could  have  been  obtained  using  methods  adopted  in  Ref.  1,  this  method, 
nevertheless,  provides  the  results  pertaining  to  uniqueness  of  limit  cycles 


and  global  bifurcations. 


M 

CD 

a 

c 

hc 

-( 3S/3o ) 

2.0000 

12.3886 

0.4432 

0.3158 

2.5000 

19.253^ 

0.41171 

0.1738 

3.0000 

23.7198 

0.4524 

0.1240 

3.5000 

26.7177 

0.4571 

0.1166 

4.0000 

28.7890 

0.4608 

0.1233 

5.0000 

31.3435 

0.4656 

0.1408 

6.0000 

32.7784 

0.4684 

0.1506 

7.0000 

33.6578 

0.4701 

0.1543 

8.0000 

34.2344 

0.4713 

0.1557 

9.0000 

34.6325 

0.4721 

0.1565 

10.000 

34.9187 

0.4727 

0.1571 

-( 3D/3o ) 

-(a2s/a2o) 

-(32D/32o) 

1.5078 

10.5616 

25.1282 

1.6417 

9.5587 

29.1733 

1.7658 

9.9810 

33-3559 

1.8872 

10.8663 

37.2688 

1  .9906 

11.7336 

40.5696 

2.1382 

12.9768 

45.3055 

2.2277 

13.6656 

48.2253 

2.2831 

14.0607 

50.0638 

2.3190 

1  4.3154 

51 .2766 

2.3433 

14.4953 

52.1 131 

2.3604 

1  4.6224 

52.71 44 

Table  1.  Critical  Parameter  Values  Associated  with  Double  Zero  Eigenvalue. 
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,  Aerofoil  at  Angle  of  Attack  a 


Figure  1  Thin  double-wedge  aerofoil 
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Figure  2  Various  bifurcations  and  phase  portraits  of  Equation  5 
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This  pspcr  investigates  the  slabilit)  and  bifurcation  behavior  of  a  double-wedge  aerofoil  performing  a  pitch¬ 
ing  motion  at  high  angles  of  attack.  When  a  pair  of  comples  conjugate  eigenvalues  crosses  the  imaginary  axis  of 
the  eigenvalue  plane,  the  trivial  solution  loses  slabilit)  giving  rise  to  a  periodic  solution,  known  as  Hopf  bifurca¬ 
tion.  provided  certain  transversallt)  conditions  are  not  violated.  The  existence  of  degenerate  Hopf  bifurcation 
due  to  the  violation  of  Hopf's  transversalil)  condition  at  certain  critical  values  of  the  s>stem  parameters  is 
shown.  The  behavior  of  the  pitching  motion  near  these  critical  values  is  examined  b>  unfolding  the  degeneracies. 
For  the  supersonic  double-wedge  aerofoil,  various  parameters  defining  the  bifurcation  paths  were  numericall) 
evaluated. 


I.  Introduction 

IN  recent  years  several  new-  mathematical  ideas  have  in¬ 
fluenced  the  study  of  stability  and  bifurcation  phenomena 
of  nonlinear  dynamical  systems.  In  this  paper,  aerodynamic 
stability  of  a  double-wedge  subject  to  a  single  degree  of 
freedom  pitching  motion  is  investigated.  Recently  Hui  & 
Tobak1  analyzed  the  Hopf  bifurcation  that  results  when  a 
steady  flight  becomes  unstable  by  increasing  the  angle  of  at¬ 
tack  a  beyond  a  critical  value  a,,  holding  all  other  flow 
parameters  fixed.  If  more  than  one  parameter  is  allowed  10 
vary,  such  as  angle  of  attack  a  and  pivot  position  h,  then 
phenomena  other  than  simple  Hopf  bifurcation  may  occur. 
For  the  case  of  a  double-wedge,  it  is  found  that  if  both  angle 
of  attack  a  and  pivot  position  h  reach  certain  critical  values  a, 
and  h,,  respectively,  then  the  transversality  condition  of  the 
Hopf  bifurcation  theorem  does  not  hold  and  a  so-called 
degenerate  Hopf  bifurcation  takes  placed  However,  this 
degenerate  phenomenon  is  nongeneric.  In  order  to  more  com¬ 
pletely  understand  the  behavior  of  the  system,  it  is  useful  to 
examine  it  near  the  singularities  a  =  a,  and  h  =  h,  by  either  in¬ 
corporating  an  unfolding  parameter  or  by  studying  the  prob¬ 
lem  as  a  multiple  parameter  system. 

In  this  paper,  the  former  approach  will  be  used  to  under¬ 
stand  the  bifurcation  behavior  of  the  system.  A  general 
framework  for  unfolding  such  degeneracies  has  been  given  by 
Golubitsky  and  Langford1  using  the  singularity  theory. 


II.  Statement  of  the  Problem 
Consider  an  aircraft  in  flight  free  to  undergo  a  single  degree 
of  freedom  pitching  motion.  The  equations  of  pitching  motion 
can  be  expressed  as 


da 

dr 


*  a. 


(I) 
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where  a  is  the  angle  of  attack  of  the  steady  flight.  /  is  the  mo¬ 
ment  of  inertia  of  the  vehicle  about  the  pivot  axis,  and  MU)  is 
the  pitching  moment  at  instantaneous  time  /  of  the 
aerodynamic  forces  about  the  same  axis.  When  the  motion  is 
slowly  varying,4  the  pitching  moment  M{t)  may  be  char¬ 
acterized  with  sufficient  accuracy  by  the  instantaneous  angle 
of  attack  a(r)  and  the  instantaneous  rate  of  change  of  the 
angle  of  attack  or (f).  Supose  a  =  a  is  an  equilibrium  state  of 
the  system  of  Eqs.  (I);  then,  puttingaf/)  =  o  +  tf(r),  thevaria- 
tional  equations  about  the  equilibrium  position  can  be  written 
as 


d* 

dr 


dr 


M  I 

=  T(')=2?>* 


r;.S4[Cm<0.0  a,h)-C„M.t.oM\ 

(2) 


Fig.  lb  Transversality  condition  and  Its  violation. 
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where  i  is  (he  angular  displacement  of  motion  measured  from 
the  angle  of  attack  a  of  the  steady  flight;  p„  and  Vm  are  the 
freestream  density  and  velocity,  respectively;  $  and  L  are  the 
reference  area  and  length;  and  h  represents  the  distance  be¬ 
tween  the  apex  and  the  pivot  position  as  defined  in  Fig.  la. 
The  function  C,„(i,i,o,h)  represents  the  pitching  moment 
coefficient  of  the  aerodynamic  forces  about  the  pivot  axis  and 
C„(0,0,o.h )  is  its  steady  value  at  a  fixed  angle  of  attack  o. 
Even  though  C„,  depends  on  the  flight  Mach  number  M„.  the 
specific  heats  of  the  air  and  the  aircraft  shape,  these 
parameters  will  be  considered  as  "passive"  parameters  in  this 
analysis.  For  a  finite  amplitude,  slow,  periodic,  pitching  mo¬ 
tion  with  angular  displacement  Hi)  around  a  mean  angle  of 
attack  o.  with  terms  of  O(^-’.vi)  assumed  negligible,  we  can 
write' 


Introducing  new  state  variables  y,  =  ^,  >,  =  J,,  Eqs.  (2)  may  be 
written  in  the  form 

y=Ay+[  fo.JLm  ]+0<i'|4)  <3> 

where 


~  [ -S(o.h)  -D(o.h)  ] 

F(y,.yi.a.h)  =  />„>•?  *  Bi:y,y:  *  Cm  y]  +  C1i:/t.v; 


-C,„(<i'.i.a,h)  =/(<j  +  ^,/t)  +  g(a  +  i.h)\l, 


which  reduces  the  second  of  Eqs.  (2)  to 


d^ 

dr 


F(4'.<l.o,h) 


where 


I  dS 

fln  = 


6  I  dD  L 
=  ~  -r-  —  (<>.>>> 
2  do 


C,"  -  3, 


I  d2S 


do 


T—fO.h). 


/=-  I  d-D 

Cn:  =  ~  -T-  — — —  (o.h) 
2  do- 


The  stability  of  the  trivial  solution  is  governed  by  the  eigen¬ 
values  of  the  matrix  A ,  which  are 


F(4*,\l,o,h) 


M(i ) 


D  D 

X  =  — ~  ±  i\  S  —  D-  /  4  - ±/u) 

A  2 


(4) 


f  g(o  +  | ,  *  =  — p.FiSZ. 


It  is  evident  that  the  equilibrium  position  is  asymptotically 
stable  when 


Equations  (2)  represent  a  pair  of  autonomous  differential 
equations  in  R:  the  trivial  solution  of  which  is  ^  =0.  The  ob¬ 
jective  of  this  investigation  is  to  understand  the  stability  of  this 
trivial  solution  and  the  bifurcation  behavior  of  Eqs.  (2)  as  the 
system  parameters  o  and  h  are  varied. 

III.  Stabilil)  of  the  Trivial  Solution 

The  functions  f(o,h)  and  g(o.h)  are  related  to  the  stiffness 
derivative  S(o.h)  and  the  damping  derivative  D(o.h)  of 
classical  aerodynamics  as  follows: 

6/ 

»— — (o./i)  -  -5(o. X),  *g(o,h)  =  -  D(o.h) 

do 


Ktg.  Z  Bifurcation  diagrams:  a)  supercritical,  b)  subcritical.  and  c) 
degenerate  Hopf  bifurcation. 


S(o.h)>  0,  D(a.h)>0 

and  instability  occurs  when  D(o.h)  =  0  and  S(o.h)  >0,  giving 
rise  to  a  pair  of  pure  imaginary  eigenvalues;  or  when 
D(o,h)  >0  and  S(o.h)  =  0.  giving  rise  to  a  zero  and  a  negative 
eigenvalue;  and  the  nongeneric  case  £>(o,/i)=0  and 
S(o,h)  =  0,  giving  rise  to  a  double  zero  eigenvalue.  Only  the 
first  case  will  be  considered  Though  the  extension  of  the 
general  results  obtained  in  this  paper  for  a  two  parameter 
system  is  possible,  we  shall  analyze  the  problem  as  if  it  were  a 
one  parameter  system.  To  avoid  duplication  of  calculations, 
we  shall  refer  to  the  bifurcation  parameter  as  ft  which  can 
represent  the  angle  of  attack  a  (or  the  pivot  position  h) 
holding  h  (or  c)  constant.  Let  us  assume  that  at  g  =  n, ,  the 
damping  derivative  becomes  zero  £>(#1,1=0,  the  stiffness 
derivative  S(#i,  )>0,  and  the  corresponding  eigenvalues  are 
X,  =  ±i  and  u>,  =  ±fv  S(#i,  )•  According  to  Hopf’s  theorem,' 
the  system  described  by  Eq.  (3).  along  with  the  conditions 


w(#i, )  =  u>„ >0,  D(u,  )  =  0 

(5a) 

AD  1 

dp  *•  =  ■<> 

(5b) 

has  a  family  of  periodic  solutions  bifurcating  out  of  the 
equilibrium  solution  y  =  0,  parameterized  by  the  amplitude  a 
for  la!  small.  Furthermore,  Hopf  showed  that  along  the 
periodic  solution  branch  #i  is  an  even  function  of  a  given  by 

t*  =  M.  +P:«:  +  ...  (6a) 


assuming 


m;*  0  (6b) 

These  solutions  exist  either  for  #i>#i,  (supercritical  Hopf 
bifurcation)  or  for  #i<#i,  (subcritical  Hopf  bifurcation) 
depending  on  the  sign  of  #i:.  Bifurcation  of  such  periodic  solu¬ 
tions  out  of  the  trivial  solution,  when  HopPs  conditions,  viz., 
Eqs.  ($b)  or  (6b)  or  both  Eqs.  (3b)  and  (6b),  are  violated  is  in 
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general  called  degenerate  Hopf  bifurcation.  The  preceding 
analysis  holds  for  any  single  degree  of  freedom  motion.  Ap¬ 
plication  of  the  analysis  requires  a  knowledge  of  the  stiffness 
derivative  S  and  the  damping  derivative  0  together  with  their 
partial  derivatives.  The  stiffness  and  damping  der  vatives  for  a 
double-wedge  aerofoil  in  supersonic  flow  have  been  deter¬ 
mined  by  Hui.‘  In  this  paper  their  partial  derivatives  have 
been  calculated  numerically  using  the  results  of  Ref.  6.  For  the 
problem  of  double- wedge  aerofoil  it  is  the  violation  of  Eq. 
(Jb)  which  occurs,  hence  it  is  the  degenerate  Hopf  bifurcation 
associated  with  the  violation  of  Eq.  (5b)  which  will  be  studied. 
Hopf's  transversality  condition,  as  well  as  its  violation  when  h 
is  taken  as  the  bifurcation  parameter,  is  shown  in  Fig.  lb. 


IV.  Bifurcation  Analysis 

In  this  section  both  Hopf  and  degenerate  Hopf  bifurcation 
will  be  considered.  Assume  that  at  m  =  .  the  damping 

derivative  becomes  zero  [D(p,)  —  01  and  the  stiffness 
derivative  is  positive  [S(p.  )  >0]  -  The  eigenvalue  is 
Xr=  ±iui,  =  ±/vS(m,  )  and  the  corresponding  eigenvector  is 
( I ,  A, ) . 

To  study  the  Hopf  bifurcation  and  its  stability,  a  change  of 
coordinates  is  made  to  put  the  system  of  Eqs.  (2)  into  a  stan¬ 
dard  form.  This  is  achieved  by  the  linear  transformation 


■•[j 


is  the  matrix  consisting  of  the  real  and  imaginary  parts  of  the 
critical  eigenvalue  and  x=(.«r,,jr;)  represents  the  new  state 
variables.  The  above  transformation  yields  the  system  of 
equations  with  the  linear  part  in  standard  form  as 


-jtt  +  S,,jr,x',  + 


Before  proceeding  to  degenerate  Hopf  bifurcation,  a  summary 
of  the  resulis  for  the  regular  Hopf  bifurcation  will  be  given. 

Hopf  Bifurcation 

Now  the  formulas  for  Hopf  bifurcation  given  by  Guck- 
enheimer  and  Holmes’  and  Ariaratnam  and  Sri  Namachchi- 
vaya,:  are  used  to  obtain  the  equation  governing  the  bifur¬ 
cating  path 

2Ra'  -  D  tp,  )>ja  =  0  (9) 


R  =  — t(BuB,-,  +  u>;C„2  ),  i|=p-p,  <  1, 

ou>; 

and  a  represents  the  amplitude  of  the  bifurcating  periodic 
solution  given  by 

x,  =a  sin$  +  -^—  - — - — fl,;Sin2$  +  — — !^cos20l 

ui,  L  2  ui,  3  o  <ii,  J 

x,  =a  cos4 - f— - — sin20  +  -r-fl|jcos2$l  f'bl 

u>,  l  3  ui,  3  J 


$  =  lit  +  const  w  =  wf  +  a3  + 

P='k  h~sf  1  "  V^3  ‘  T'C|  1 1  ] 

The  amplitude  parameter  relationship  can  be  written  using  Eq. 
(9)  as 

2  R 

(,l) 

provided  that  0'  (m,  )  *0. 

When  D‘(n)< 0,  which  is  generally  the  case  when  eigen¬ 
values  cross  from  left  to  right  in  the  complex  X-plane.  it  is  evi¬ 
dent  from  Eq.  (II)  that  the  bifurcating  path  exists  for  r?>0 
only  if  R<0  ( supercritical  bifurcation)  as  shown  in  Fig.  2a. 
Similarly  the  bifurcation  path  exists  for  tj < 0  only  if  R>0 
( subcritica /  bifurcation)  as  shown  in  Fig.  2b.  The  opposite  is 
true  for  0'  (/i, )  >0.  It  is  well  know--  'hat  the  damping  and  the 
stiffness  derivatives  are  respective  adratic  and  linear  in  h, 
i.e., 

D(o,h)  =D0{a)  +  0,  (o)h  +  02  (a)h: 

S(o,h)  =S0(o)+S,(o)/i  (12) 

Furthermore,  the  qualitative  variations  of  the  quantities 
0(o,/t)  and  S(a.h)  with  a  and  h  can  be  found  in  Hui*’  for 
double-wedge  aerofoil.  By  considering  a  as  the  bifurcation 
parameter,  i.e.,  n-o,  the  results  of  Hui  and  Tobak1  are 
recovered.  Similarly,  the  amplitude  parameter  relationship, 
considering  h  as  the  bifurcation  parameter,  can  be  written  as 


h-h.  = 


8(0,  <o) +  2/M0)/? 


r  3  /  30  do  \  ) 

,  )  [S  da  (  S  /!*  =  *, 


Degenerate  Hopf  Bifurcation 

Now  we  shall  examine  the  bifurcations  that  can  take  place 
when  Hopf’s  transversality  condition  [Eq  (5b) ]  is  violated, 
i.e.,  degenerate  Hopf  bifurcation.  It  can  be  shown  that  in 
double-wedge  and  flat-plate  aerofoils,  degeneracies  of  the 
above-mentioned  type  for  both  parameters  (30  3o  =  0, 
80/3/1  =  0)  are  present.  However,  S(o,/?)  >0  only  for  the  sec¬ 
ond  case,  and  thus  the  degenerate  Hopf  bifurcation  when 
0  =  0,  30/3/t  =  O,  will  be  examined,  i.e.,  when 


0T(o,  )  =  40o(o,  )0.(0, ). 


0|(Q,  ) 

20:  (o.) 


provided  02  (of )  *0.  Violation  of  the  transversality  condition 
when  h  is  considered  as  the  bifurcation  parameter  is  shown  in 
Fig.  lb.  Furthermore,  for  the  eigenvalues  to  be  purely  im¬ 
aginary  we  should  have 


So(<M" 


S,  (o,)D\  (gc) 

20;  ( ac ) 


Since  we  are  studying  the  local  behavior  of  (he  system,  Eq. 
(8),  as  opposed  to  the  global  one,  subsequent  analysis  is  per¬ 
formed  in  small  neighborhood  of  x,  while  the  above  condi¬ 
tions  prevail.  Thus,  making  use  of  the  general  results  given  in 
Ref.  5  for  degenerate  Hopf  bifurcation,  the  equations  govern¬ 
ing  the  bifurcating  path  and  improved  frequency  for  the 
wedge  problems  are  obtained  as: 


(10) 


2 Ra}  -DiiOf  )fi}a  =  0 


(14a) 
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and 


Up.  1 

f  *  )\ 

(■  L  4 w-Dz{oc)  . 

± 

<*>r 

(14b) 


respectively,  where  h  =  h  -  A. .  The  existence  of  the  bifurcating 
path  depends  on  the  sign  of  R/D:(o,).  In  other  words,  a 
bifurcating  solution  exists  only  if  R/D:  (oc )  >0.  Therefore,  in 
degenerate  Hopf  bifurcation,  the  bifurcating  path  exists  on 
both  sides  of  the  a  axis  as  opposed  to  Hopf  bifurcation  where 
the  bifurcating  path  exists  either  for  h> 0  or  for  ti< 0.  The 
bifurcating  path  can  be  expressed  explicitly  as 


h-h , 


\s±i 

(dD/3o\ 

2sD:(o) 

<  do 

V  s  / 

(15) 


It  may  be  noted  that  each  bifurcating  path  defined  by  Eq.  (15) 
has  a  distinct  frequency  given  by  Eq,  (14b).  If  Dz> 0,  then 
both  bifurcating  paths  given  in  Eq.  (15)  are  unstable  while  the 
trivial  solution  is  stable.  On  the  other  hand,  if  D,  < 0  no  bifur¬ 
cating  solution  exists.  These  results  are  shown  in  Fig.  2c. 


V.  Unfolding 

Now  to  consider  the  behavior  of  the  system  near  this 
nongeneric  degenerate  Hopf  bifurcation,  an  unfolding 
parameter  is  introduced.  Since  the  degeneracy  occurs  while 
considering  h  as  a  bifurcation  parameter,  it  is  natural  to  con¬ 
sider  a  as  an  unfolding  parameter.  Loosely  speaking,  a 
parameter  is  said  to  be  an  unfolding  parameter  when  it  fills  in 
the  missing  lower  order  term  in  the  bifurcation  equation.  The 
main  theoretical  results  classifying  various  bifurcations  and 
their  unfoldings  when  the  conditions  of  Eq.  (5b)  or  (6b)  or 
both  fail  were  presented  by  Golubitsky  and  Langford3  using 
singularity  theory.  Making  use  of  available  results,3  the  equa¬ 
tion  governing  the  bifurcating  paths  incorporating  dD/do  can 
be  written  as 


w-(i£  »).-o 

V  ah 1  a  a  »r.*r  / 


which  simplifies  to 

,  D>  ( a  ) 
f- 

where 

1 


a-  - 


h:  -8  =  0 


d  =  — (Oo(o, )  +  D[  (a,  )hc  +  D;(o,  )h3]d 

6A 


(16) 


(17) 


9  =  0-0, 

h  =  h-  h. 

Depending  on  the  sign  of  D,  ( oc )  /R  and  8 ,  a  set  of  bi  furcat  ion 
diagrams  as  shown  in  Fig.  3  can  be  obtained.  For  8  =  0,  Eq. 


f 

Fig.  3a  Case©, <*,)/*<•. 


(17)  yields  the  previously  obtained  result  of  Eq.  (15).  In  Fig.  3a 
the  case  D,  (o,)/R  <0  is  considered,  for  which  Eq.  (17) 
represents  an  ellipse  for  8>0  and  has  no  real  solution  for 
(J<0.  On  the  other  hand,  for  D,  (or)/R> 0  Eq.  (17)  represents 
an  hyperbola  for  8*0  as  sketched  in  Fig.  3b  where  s  and  u  in¬ 
dicate  stable  and  unstable  solutions,  respectively. 

Applying  the  results  obtained  in  the  above  analysis  to  Hui's 
solution''  for  a  double-wedge  aerofoil,  it  is  found  that  the  case 
corresponding  to  Fig.  3b  occurs.  The  special  cases  of  a  flat 
plate  aerofoil  and  a  wedge  may  be  obtained  from  Hui’s  solu¬ 
tion6  by  an  appropriate  choice  of  shape  parameters  r„,  r,  in 
Fig.  la.  For  the  purposes  of  this  study,  we  focus  our  attention 
on  the  case  r0  =  r,  =  5*  since  this  approximates  a  thin  aerofoil. 
For  a  double-wedge  in  supersonic  flight  the  various  com¬ 
ponents  of  the  stiffness  and  damping  derivatives,  namely  S„, 
S,,  D0,  D |,  and  D,  are  plotted  in  Figs.  4  and  5  Using  Eq. 
(12),  S(o.h)  and  D[o,h)  for  a  given  value  of  a  and  h  may  be 
obtained. 

In  addition  to  these  results,  various  other  quantities  re¬ 
quired  for  the  bifurcation  analysis  and  unfolding  are  also 
calculated  and  displayed  in  Figs.  6  to  8.  In  Fig.  6  the  relation¬ 
ships  between  h ,  and  o,  and  between  M m  and  o,  are  plotted. 
From  this  figure  one  may  obtain  the  critical  value  of  h  and  o 


Fig.  4»  S%  vs  *  for  W,  =  2,3 . 10. 
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Fig.  5b  P,  vs  «  for  \f„  »  2.3 . 10. 
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Fig.  7  R  vs  Mm  superimposed  on  -  Pj  »s  Mm. 


Fig.  S<  D]  no  for  M.  « 2,3 . 10. 


Fig.  I  P  v !  «,, 

for  a  specific  Mach  number.  In  Fig.  7  the  relationship  between 
the  bifurcating  coefficient  R  and  Mm  is  superimposed  on  the 
relationship  between  the  second  derivative  of  the  real  part  of 
the  eigenvalue  with  respect  to  h  (i.e.,  -D:),  and  Mm.  With  the 
help  of  these  figures  the  bifurcating  path  given  by  Eq.  (IS)  can 
be  obtained.  The  relationship  between  the  unfolding 
parameter  2 R&/i-  (9D/do)(o,,h,  )  and  Mm  is  plotted  in  Fig. 
8.  Therefore,  Figs.  6  to  8  contain  all  the  information  required 
to  completely  determine  the  various  bifurcations  that  can  take 
place. 

VI.  Conclusion 

In  this  paper,  the  aerodynamic  stability  and  bifurcation  of 
an  aerofoil  subject  to  a  single  degree  of  freedom  pitching  mo- 
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tion  has  been  studied.  It  was  found  that,  in  addition  to  the 
simple  Hopf  bifurcation,  degenerate  Hopf  bifurcation  can 
take  place  if  more  than  one  parameter  is  allowed  to  vary.  Fur¬ 
thermore,  it  was  shown  that  in  the  degenerate  case,  there  will 
be  two  periodic  bifurcating  paths  (on  both  sides  of  the  a  axis), 
with  two  different  frequencies.  These  frequencies  are  either 
both  stable  or  both  unstable,  as  opposed  to  Hopf  bifurcation 
where  the  bifurcating  path  exists  either  for  tj  >0  or  for  tj<0. 
However,  the  situation  giving  rise  to  degenerate  Hopf  bifurca¬ 
tion  is  nongeneric.  By  the  introduction  of  an  unfolding 
parameter,  the  possible  generic  bifurcations  that  can  take 
place  near  the  singularity  were  obtained.  This  reveals  that  for 
D-{oc)/R>  0,  there  exist  either  two  subcritical  bifurcations  or 
no  bifurcation  in  a  neighborhood  of  the  degeneracy  depending 
upon  the  sign  of  0.  Similarly,  it  was  found  that  for 
D2(oc)/R<  0  there  exist  either  two  supercritical  bifurcations 
or  no  real  solutions  in  a  neighborhood  of  the  degeneracy 
depending  upon  the  sign  of  0.  In  addition,  numerical  results 
of  the  various  components  of  the  stiffness  and  damping 
derivatives,  and  other  quantities  required  for  the  bifurcation 
analysis,  were  presented  for  a  thin  aerofoil. 
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APPENDIX  D 

Introduction 

In  the  last  fifty  years  fighter  aircraft  have  evolved  from  designs 
characterized  by  subsonic  speeds,  moderate  to  high  aspect  ratios  and 
negligible  sweep  to  designs  capable  of  supersonic  speeds  employing  low 
aspect  ratio  wings  with  significant  sweep  and  taper.  Many  of  these 
changes  were  dictated  by  the  need  to  reduce  drag  in  transonic  and 
supersonic  flight  and  this  in  turn  led  to  new  problems  in  finding  a  suitable 
compromise  between  performance,  handling  qualities  and  stability/control 
requirements.  Recent  developments  have  demonstrated  that  an  aircraft 
with  reduced  static  stability  (RSS)  supplemented  with  an  active  flight 
control  system  (ACFS)  results  in  lower  weight  and  increased 
maneuverability  [1].  The  design  of  such  aircraft  requires  that  the  control 
systems  and  the  aerodynamic  configuration  be  considered  together  from 
the  start.  Traditionally  flight  controls  were  used  only  to  improve  the  flying 
qualities  of  a  chosen  configuration.  The  feasibility  of  this  control- 
configured  vehicle  (CCV)  design  approach  is  amply  proven  by  the  X-29 
research  program  [2]. 

The  CCV  approach  has  two  immediate  implications  for  combat 
aircraft  design.  The  first  is  the  possibility  of  direct-force  maneuvers  (DFM). 
Direct  force  maneuvers  refer  to  the  "ability  of  the  aircraft  to  yaw  and  pitch 
independently  of  the  flight  path  or  to  maneuver  at  constant  fuselage 
orientation".  This  is  especially  significant  in  target  tracking.  The  second 
is  post-stall  capability  (PST)  in  close  air  combat  which  allows  the  aircraft  to 
perform  "controlled  tactical  maneuvers  beyond  the  maximum  lift  angle  of 
attack  up  to  at  least  70  degrees"  [3].  The  design  of  fighter  aircraft  with 
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these  capabilities  requires  an  understanding  of  translational  and  rotational 
mode  interaction  as  well  as  nonlinear  aerodynamics  at  large  angles  of 
attack  and  sideslip.  Some  of  these  problems  of  mode  interaction  and 
nonlinear  dynamics  have  been  observed  before  the  advent  of  the  CCV 
approach.  The  phenomena  of  coupled  yaw  and  pitch  divergence  at  large 
roll  rates  was  investigated  in  [4-6].  Mode  coupling  can  also  occur  at  special 
values  of  design  parameters.  For  example,  the  stability  of  the  lateral  modes 
of  a  rigid  aircraft  is  influenced  by  the  choice  of  the  wing  dihedral  angle 
(Cl{5)  and  the  vertical  tail  size  (Cn(J).  In  Figure  D.l  the  stability  boundaries 
are  plotted  in  terms  of  Cl(3  and  Cn(3.  At  Cl(3  =  -0.002  and  Cn(3  =  0.0025  the 
stability  boundaries  intersect  and  the  aircraft  experiences  a  simultaneous 
loss  of  both  Dutch  roll  and  spiral  stability.  This  phenomenon  is  most  likely 
to  occur  at  high  lift  coefficients  (i.e.  large  angles  of  attack). 

While  the  conventional  linear  model  with  its  assumptions  of  small 
angles  of  attack  and  sideslip  is  adequate  for  the  determination  of  stability 
boundaries,  at  large  angles  of  attack  and  sideslip  the  aerodynamic  deriva¬ 
tives  are  no  longer  constant  and  hence  a  nonlinear  analysis  is  required. 
Rhoads  and  Schuler  [7]  were  one  of  the  first  to  perform  a  theoretical  and 
experimental  study  of  airplane  dynamics  in  large-disturbance  maneuvers. 
A  key  feature  of  their  work  is  the  dependence  of  the  aerodynamic  stability 
derivatives  on  the  Mach  number  and  angle  of  attack.  Unfortunately  any 
possible  effects  of  large  sideslip  angle  were  omitted.  Since  then,  NASA  has 
conducted  a  series  of  wind  tunnel  investigation  of  the  effects  of  large 
sideslip  angle  on  both  static  and  dynamic  stability  derivatives  (NASA  TN 
5361,  6091,  6425,  6909,  7972).  A  sample  of  these  results  is  reproduced  as 
Figure  D.2.  The  nonlinear  behavior  of  the  stability  derivatives  is  evident.  It 
was  also  observed  that  the  rate  or  "delay"  derivatives  due  to  the  sideslip 
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angle,  traditionally  omitted  from  the  linear  model,  may  be  important  for 
supersonic  fighters  and  their  omission  can  lead  to  large  errors  especially  in 
system  identification  [8].  It  is  interesting  to  note  that  the  influence  of  the 
rate  derivatives  was  also  observed  by  Tobak  and  Schiff  [9]  and  Orlik- 
Ruchemann  [10]. 

Having  established  that  at  large  disturbances,  stability  derivatives 
depend  on  both  the  angle  of  attack  and  sideslip  in  a  nonlinear  manner,  the 
next  challenge  was  to  relate  these  nonlinearities  to  the  dynamics  observed 
at  large  angles  of  attack  and  sideslip.  One  of  the  earliest  study  was  carried 
out  by  Ross  [11]  on  the  HP-115  at  the  Royal  Aircraft  Establishment  (RAE). 
Based  on  a  cubic  dependence  of  the  yawing  moment  on  the  sideslip  angle,  it 
was  demonstrated  that  an  unstable  Dutch  roll  mode  gave  rise  to  a  limit  cy¬ 
cle.  This  was  perceived  during  flight  as  an  oscillation  of  the  aircraft  wing 
about  the  roll  axis  and  is  commonly  referred  to  as  "wing-rock".  This  work 
was  followed  by  investigations  of  cubic  nonlinearities  in  the  rolling  moment 
as  well  as  in  the  damping-in- roll  derivatives  [12].  The  Gnat  trainer  was 
used  for  this  study.  In  this  case  both  directional  divergence  as  well  as  wing 
rock  was  accounted  for.  It  was  also  noted  that  the  influence  of  external 
stores  was  significant,  confirming  the  sensitive  dependence  of  the  nonlin¬ 
ear  dynamics  on  the  aircraft  configuration. 

Another  nonlinear  motion  was  identified  by  Johnstone  and  Hogge 
[13].  In  their  study  of  the  A-7,  they  identified  certain  combinations  of  angle 
of  attack  and  sideslip  which  led  to  a  mutual  cancellation  of  the  rolling 
moments  due  to  the  angle  of  attack  and  sideslip.  The  longitudinal  and  lat¬ 
eral  mode  coupling  resulted  in  a  phenomena  called  "nose-slice".  Basically 
"nose-slice"  refers  to  a  predominantly  yawing  motion  followed  by  a  rapid 
roll.  The  nose-slice  departure  occurred  at  angles  of  attack  considerably 
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lower  than  that  for  normal  stall.  This  departure  was  not  predicted  by  the 
parameter  (Cn(J)dyn  (NASA  TN  6993)  commonly  used  as  a  measure  of  spin 
resistance.  This  parameter  is  actually  an  approximation  for  the  coefficient 
of  the  quadratic  term  in  the  fourth  order  characteristic  equation  for  the  lat¬ 
eral  dynamics.  Mathematically  the  criterion  is  neither  necessary  nor  suf¬ 
ficient  for  stability  although  in  practice  predictions  based  on  this  parameter 
correlated  well  with  flight  test  results  with  few  exceptions. 

Various  methods  are  available  for  the  analysis  of  nonlinear  systems. 
Instead  of  decoupling  longitudinal  and  lateral  modes,  some  researchers 
have  tried  to  retain  as  much  as  possible  of  the  full  6  degree  of  freedom 
model.  One  such  method  is  the  pseudo-steady  state  (PSS)  analysis  of 
Young,  Schy  and  Johnson  [14,15].  Observing  that  the  effects  of  gravity  are 
typically  small  compared  to  the  airspeed  for  supersonic  fighters,  a  5th  order 
model  was  derived.  Equilibrium  solutions  of  such  a  system  were  referred  to 
as  "pseudo-steady".  This  approach  was  carried  to  its  extreme  by  Carroll 
and  Mehra  [16],  Hui  and  Tobak  [17].  The  thrust  of  their  research  is  the  use 
of  bifurcation  theory  to  compute  the  equilibrium  solutions  of  the  full  6 
degree  of  freedom  system  with  nonlinearities  based  on  the  interpolation  of 
wind  tunnel  test  results.  In  the  context  of  bifurcation  theory,  the  Dutch 
roll/wing  rock  instability  observed  by  Ross  corresponds  to  a  supercritical 
Hopf  bifurcation.  This  phenomena  is  characterized  by  a  pair  of  complex 
eigenvalues  crossing  the  imaginary  axes.  The  loss  of  spiral  stability  is 
characterized  by  the  crossing  of  a  real  eigenvalue.  This  is  referred  to  as  a 
simple  bifurcation.  The  nonlinear  dynamics  of  aircraft  with  eigenvalues 
close  to  the  imaginary  axes  (i.e.  marginally  stable  /unstable  or  critical 
modes)  was  studied  by  Cochran  and  Ho  [18]  using  Malkin's  method. 
Basically  Malkin's  method  is  related  to  the  theory  of  center  manifold  which 
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is  a  dimension  reduction  technique  whereby  the  critical  modes  are  decou¬ 
pled  from  the  stable  modes  and  the  analysis  is  then  performed  on  a  subsys¬ 
tem  of  lower  dimension. 

The  extension  of  these  techniques  for  the  analysis  of  nonlinear  sys¬ 
tems  perturbed  by  random  excitation  has  not  received  much  attention  from 
the  flight  dynamics  community.  Physically  this  corresponds  to  flight  at 
large  angles  of  attack  and  sideslip  in  a  turbulent  atmosphere.  In  the  pres¬ 
ence  of  random  excitation,  the  dependence  of  the  stable  modes  on  the  criti¬ 
cal  modes  was  studied  by  Haken  [19]  and  is  referred  to  as  the  "slaving 
principle".  For  a  stability  analysis  it  is  more  relevant  to  consider  the  de¬ 
pendence  of  the  critical  modes  on  the  stable  modes.  One  such  method  is  the 
extended  stochastic  averaging  theorem  of  Papanicoloau  and  Kohler  [20] 
which  provides  a  Markov  approximation  for  the  dynamics  of  the  critical 
modes.  Another  approach  developed  by  Coullet  et  al.  [21]  uses  the  idea  of 
"normal  forms".  Once  again  the  emphasis  is  on  dimension  reduction  and 
simplification  of  the  resulting  subsystem.  It  was  found  that  for  systems 
perturbed  by  random  excitation,  certain  nonlinear  terms  which  are  remov¬ 
able  from  the  deterministic  normal  form  must  be  retained  due  to  a  phe¬ 
nomena  called  "stochastic  resonance".  The  methods  of  stochastic  averag¬ 
ing  and  stochastic  normal  forms  were  reconciled  by  Namachchivaya  and 
Leng  [22].  The  key  result  is  that  the  stable  modes  generated  a  second  order 
contribution  to  the  critical  modes.  This  was  omitted  by  Coullet  et  al.  [21]. 
The  resulting  subsystem  was  then  found  to  have  the  same  Markov 
approximation  as  that  given  by  the  extended  stochastic  averaging  theorem. 

The  problem  of  mode  interaction  is  not  limited  to  flight  dynamics.  In 
aeroelasticity  fairly  similar  phenomena  can  be  observed.  The  nonlinear 
oscillation  of  panel  flutter  was  studied  by  Dowell  [23].  In  Figure  D.3,  the 
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stability  boundaries  of  a  plate  in  a  gas  flow  are  plotted  in  terms  of  the 
nondimensional  pressure  difference  across  the  plate  (>.)  and  the  in-plane 
loading  (Rx/jt2).  At  X  »  200  and  Rx/ti2  =  -4,  the  plate  undergoes  a  simultane¬ 
ous  loss  of  flutter-divergence  stability.  Basically  flutter  is  a  dynamic  insta¬ 
bility  characterized  by  a  complex  pair  of  eigenvalues  crossing  the  imagi¬ 
nary  axis.  Hence  it  may  be  regarded  as  an  aeroelastic  analog  of  the  Dutch 
roll/wing-rock  instability.  Similarly,  divergence  is  a  static  instability  and  is 
the  counterpart  of  the  spiral  instability  in  flight  dynamics.  The  phenomena 
of  coupled  flutter-divergence  instability  was  also  observed  by  Landsberger 
and  Dugundji  [24]  and  Chen  and  Dugundji  [25]  in  their  experimental 
investigation  of  the  aeroelastic  behavior  of  forward  swept  graphite/epoxy 
wings.  In  Figure  D.4,  the  instability  can  be  seen  to  occur  at  special 
combinations  of  airspeed  and  ply  angles  of  the  composite  fibers.  Henceforth 
for  clarity,  this  aeroelastic  perspective  will  not  be  emphasized. 

Application; _ Aircraft  lateral  dynamics  at  large  angles  of  attack  and 

sideslip  in  a  turbulent  atmosphere 

The  results  derived  in  the  previous  sections  are  now  applied  to  the 
analysis  of  the  lateral  dynamics  of  a  rigid  aircraft  at  large  angles  of  attack 
and  sideslip  in  a  turbulent  atmosphere.  The  example  is  based  on  the 
uncontrolled  lateral  dynamics  of  the  F-104.  At  a  high  lift  coefficient  (i.e. 
large  angle  of  attack)  of  Cl  =  0.735,  the  nonlinear  system  is  defined  by: 
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djp 

dt  r 
.<j> 


-0.1662  0  -0.9933  0.1044 

-23.99  -1.390  1.292  0 

4.0772  -0.0406  -0.2175  0 

0  10  0 


(l(33)p3 

(n(33)p3 

0 


0 

-1.390 

-0.0406 

0 


Pg(t) 


At  this  lift  coefficient  the  eigenvalues  are  0.0532  ±  2.207j,  0.000566,  -1.88. 
Hence  both  the  Dutch  roll  mode  and  the  spiral  mode  are  marginally 
unstable  and  the  post-critical  behavior  requires  a  nonlinear  analysis. 
Following  Ross  [12],  it  is  assumed  that  only  the  roll  (p)  and  yaw  (r) 
equations  exhibit  significant  cubic  dependence  on  the  sideslip  angle  (5.  For 
simplicity,  only  the  effects  of  atmospheric  turbulence  on  the  roll  rate  will  be 
considered.  Physically  this  corresponds  to  a  spanwise  velocity  variation 
along  the  wing  causing  a  rotary  motion.  The  power  spectral  density  (psd) 
for  Pg(t)  is  given  by: 


<D(<d)  = 


0.002  046 
1  +  0.0082CO2 


where  the  intensity  is  taken  to  be  21  ft's  and  the  scale  factor  is  2500  ft  for 
conditions  in  a  thunderstorm  [26]. 

The  system  is  first  brought  to  canonical  form  using  the  eigenvectors 
of  the  linear  system.  The  transformation  is  defined  by: 


D-8 


'P' 

"  -0.1975  0.1070  0.0146  0.1028  ~ 

r  x  ' 

,  p 

>  _ 

1.889  0.7779  0.0015  5.3462 

< 

y 

r 

-0.2287  -0.3715  0.2733  -0.1215 

z 

<(b> 

-  -0.3317  0.8640  2.6242  -2.8436  - 

Lxsi  J 

where  x,  y  represent  the  Dutch  roll  (dynamic)  mode,  z  represents  the  spiral 
(static)  mode  and  xsi,  the  stable  variable.  Converting  to  polar  coordinates  (x 
=  r  cos0  and  y  =  r  sin0)  and  applying  the  extended  stochastic  averaging  the* 
orem,  the  stable  mode  xsi,  may  be  removed  and  the  Dutch-roll  (amplitude), 
r  and  the  spiral,  z,  critical  modes  are  denoted  by  the  Ito  equations: 

dr  =  (pr  +  erz2  +  cr3  +  (Si)2/2r)dt  +  SidWi 

dz  =  (Xz  +  dr2z  +  bz3)  dt  +  S2  dW2 


where  the  cubic  coefficients  of  the  critical  sub-system  are  now  linear  func¬ 
tions  of  1(33  and  n(33: 


c  =  -(3.3841(33  +  11.90  npSllO-4  e  =  -(5.7461(33  +  20.20  np3)10-6 
b  =  (  5.324 1(33  +  31.33  n(33)10-7  d=  (1.88 1(33  +  11.07  n|33)KH 


In  canonical  form  the  external  excitation  is  given  by: 


and  hence  using  results  derived  the  excitation  intensities  for  the  system 


are: 
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OO 

Sj  =  0.0075  J  Rpp(x)  cos(2.207t)  dt 

-OO 

0.0075  [  2k.  0(2.207)  ]  (Wiener-Kinchine  relation) 
9.277xl0-5 

OO 

0.07657  |  Rpp(x)  dx 

-OO 

0.07657.  2ti.  0(0) 

9.845xl0'4 

For  a  soft  loss  of  stability  it  is  necessary  that  b,  c  <  0,  i.e.  : 


1(33  < 

-  5.88  n(33 

(b  <  0) 

1(33  > 

-  3.52  n(33 

(c  <  0) 

The  bifurcation  behavior  of  the  deterministic  system  is  preserved  if  5  =  0, 
i.e.  : 

d  _  e 

(S2)2  ~  (Si)2 

This  leads  to: 

1(53  =  -5.3  n(33 


These  conditions  are  plotted  in  terms  of  n(33  and  1(53  in  Figure  D.5.  It  can 
be  observed  that  for  the  requirements  for  a  potential  flow  (5  =  0)  is  well 


D-10 


within  the  constraints  for  a  soft  transition.  Furthermore  for  the  values  of 
n(33  and  1(33  concerned,  k  =  (d  (Si)2  +  e  (S2)2)/4  is  negative.  Hence  the 
existence  of  a  normalizable  potential  flow  steady-state  pdf  for  8  =  0  is 
guaranteed  by  the  conditions  b  <  0  and  c  <  0.  Given  the  actual  nonlinear 
aerodynamic  coefficients  n(33  and  1(33,  these  relations  then  provide  an 
indication  of  the  dynamics  at  large  angles  of  attack  and  sideslip.  Since  the 
Dutch  roll  mode  corresponds  to  a  roll-yaw  motion,  it  is  preferable  in 
practice  to  stabilize  the  Dutch  roll  mode  at  the  expense  of  the  spiral  mode. 
From  the  correction  factor  for  the  effective  unfolding  parameters,  this  is 
achieved  if  8  >  0  ,  i.e  the  nonlinear  aerodynamic  coefficients  should  satisfy: 

1(33  >  -5.3  n(33 

This  example  illustrates  the  dynamic  implications  of  the  nonlinear  aerody¬ 
namics  at  large  angles  of  attack  and  sideslip  and  it  emphasizes  the 
inadequacies  of  a  deterministic  nonlinear  analysis  for  systems  undergoing 
a  coupled  static-dynamic  instability. 
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Fig  D.2  :  Variation  of  nondimensional  sideforcc  (Cy)»  yawing  moment  (Cn) 
and  rolling  moment  (Cj)  with  angle  of  attack  (a)  and  sideslip  angle  (?) 
(NASA  TN  6361) 
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Fig.  D.3  :  Stability  boundaries  of  an  aeroelastic  plate 


nice tn  t  {*••) 


Fig.  D.4  :  Stability  boundaries  of  a  swept-forward  composite  wing 
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APPENDIX  E 

Introduction 

One  of  the  most  fundamental  components  of  a  mechanical  system  is  a 
rotating  shaft.  It  is,  therefore,  not  surprising  that  through  the  years 

considerable  effort  has  been  directed  at  obtaining  a  better  understanding  of 
such  mechanisms.  Toward  this  end,  many  problems  have  been  solved.  Equally 
important,  many  other  problems  have  been  better  defined  (see  Dimentberg  [1], 
Biezeno  and  Grammel  [2]).  Gyroscopic  systems  in  general,  and  in  particular 
the  problem  of  rotating  shaft  received  much  attention  because  of  its  somewhat 
unexpected  results  reported  by  Ziegler  [31,  in  which  he  showed  that  the 
damping  tends  to  destabilize  the  whirling  motion  of  a  shaft-disc  system,  for 
angular  velocities  above  the  critical  angular  velocity  of  the  system.  The 

analysis  of  the  system  with  harmonic  parametric  perturbations  was  made  by 
Mettler  [4]  and  Bolotin  [5],  and  various  stability  boundaries  were  obtained. 
Tondl  [6]  studied  the  instabilities  of  a  central  disc  on  an  asymmetric  shaft 
and  obtained  equations  of  an  asymmetrical  shaft  rotating  in  asymmetrical 
bearings  was  made  by  Gladwell  and  Stammers  [7]  using  Floquet  theory.  However, 
these  analyses  did  not  consider  the  dynamic  behavior  of  the  system  when 
parametric  excitations  are  stochastic.  The  stability  of  random  parametric 
vibration  of  shafts  have  been  analyzed  by  Tam  [8],  and  Schweiger  [9]  to 
determine  various  regions  of  stochastic  instability.  In  many  practical 
situations,  where  a  shaft  may  be  mounted  to  other  mechanisms,  the  disturbance 
arise  from  both  deterministic  and  random  sources.  Thus,  in  this  paper  we 
shall  examine  the  response  and  stochastic  stability  of  rotating  shafts  when 
they  are  excited  by  random  parametric  excitations  in  addition  to  harmonic 
parametric  excitations.  A  paper  dealing  with  moment  stability  of  coupled 
conservative  systems  under  combined  harmonic  and  stochastic  excitation  was 
presented  by  Ariaratnam  and  Tam  [10],  Conditions  for  stability  in  the  first 
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and  second  moments  of  response  were  derived  for  a  thin,  simply-supported, 
elastic  beam  subjected  to  a  small  intensity  dynamic  transverse  load  at  mid¬ 
span.  This  paper  follows  the  approach  of  Sri  Namachchivaya  and  Ariaratnam 
[11],  Sri  Namachchivaya  [12]  and  Ariaratnam  and  Tam  [10]  to  find  mean  square 
stability  conditions  for  the  response  of  the  rotating  shaft. 

Formulation  of  the  Problem 

A  rotating  system  can  be  identified  as  a  gyroscopic  system  only  when 
treated  in  a  rotating  reference  frame,  and  this  approach  will  be  followed  in 
considering  the  transverse  motion  of  a  continuous  uniform  elastic  shaft  of 
asymmetrical  cross-section  mounted  in  a  rigid  bearing  and  rotating  with 
constant  angular  velocity  fl  about  the  horizontal  centerline  (oz)  of  the 
bearings.  The  rotating  shaft  of  length  l,  mass  per  unit  length  m,  and 
flexural  rigidities  EIU,  EIy  respectively,  parallel  to  directions  ou,  and  ov 
is  loaded  by  a  time  dependent  axial  thrust,  say,  P(t)  =  PQ  ( 1  +  f(t)),  as 
shown  in  Figure  la. 

The  transverse  motion  of  the  rotating  shaft  is  given  by  the  following 
set  of  two  parallel  differential  equations:  (e.g.,  Dimentberg  [1]) 

El  r-  +  P(t)  +  m  — j  +  D  fr  "  2mflv  -  mfl2u  =  0 
U  3z  3z2  3t2  3t 

(1 ) 

El  *  P(t)  +  m  *  D  *  2mPu  -  mfl2v  =  0  . 

V  3z2  3z2  3t2  3t 

For  the  case  of  simply  supported  ends,  the  following  boundary  conditions  must 
be  satisfied: 

u(0,t)  -  uU,t)  -  0  ,  v(0, t )  -  v(l,t)  -  0  , 


2 


2 


0 


2 


0 


Considering  the  fundamental  mode,  these  boundary  conditions  are  satisfied  with 
the  following  expressions  for  u  and  v: 


u(x,t)  -  U(t)  sin  it  j-  ,  v(z,t)  -  V(t)sin  it  ~ 

We  assume  that  the  axial  thrust  is  harmonically  varying  and  is  given  by 

P(t)  =  P  (l  ♦  F( t ) ) 

where  PQ  is  the  mean  value,  and  F(t)  consists  of  a  combination  of  a  harmonic 
term  and  a  stationary  stochastic  process  as  perturbations ,  and  assumed  to  be 
of  the  order  e.  Substituting  the  expressions  for  the  modes  into  the  governing 
partial  differential  equation  and  simplifying  leads  to  the  following  two 
ordinary  differential  equations  for  U  and  V: 

U  -  2QV  «■  (w2  -  Q2)  U  ♦  e[cU  -  F(t)  l/J  =  0 

2  (2) 

V  +  2flU  ♦  (u  -  Q  )  V  ♦  e[?V  -  F(t)  v]  =  0  , 

where 


2  2  2 

W1  =  ^PE  ’  P0)’  w2  =  ~~2  ^PE  ’  Po}*  F(t)  =  ehc0Svt  +  f(t) 
ml  ml  L' 


it2EI, 


tt2EI, 


D 

m  t  *1  m  ^ 

mi 


and  u)1  ,  <  u^)  are  the  natural  frequencies  of  transverse  vibration. 
Putting  q1  »  U  and  q2  *  V,  the  Lagrange  function  corresponding  to  equation  (2) 
with  e  »  0,  can  be  written  as 


L(g,g)  -  \  *  'q2  *  2nK^2  "  qiq2^  '  (“?  '  q2^qf  ’ 
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Now  making  use  of  the  relationship  q1  »  ♦  pq^,  ^2  ”  ^2  ~  *  where  p  is 

the  momentum  vector  conjugate  to  g,  one  can  write  the  Hamiltonian  as 


-2 

0  0  -fi 

n(g.g)  *  |  ( gT. pTl  s  {g,p},  s  =  0  q  0  =  sT 

0  n  1  0 

-q  0  0  1 

-2  2  ~2 

In  the  above  equation,  if  u1  <  D  <  u^.  S  is  positive  definite  and  the 
unperturbed  system  is  stable  and  the  eigenvalues  of  the  system  with  c  =  0  can 
be  obtained  from  the  equation  |  JS  —  p  1 1  =0.  The  eigenvalues  are  distinct 
and  imaginary  and  are  given  as 

pr  -  t  i.r  ■  til  (if  •  -  2a2)  t  [(if  -  ~2Z)2  -  8a2(«2  -  i|)],/2|,/2  //2 


The  Hamilton  equation  of  motion  can  be  written  as 

r  0  _I 

z  =  JSZ  -  e  icB  ♦  B  F(t)}z  ,  where  Z  =*  (g,p),  J  = 

I  0 

(3) 


Now  consider  a  canonical  transformation  Z  *  Ty  where  y  =  f Q , P )  and 


a1 

-a2Y2 

"ai 

-all 
2  2 

Vi 

a2 

aiYi 

‘a2 

a1B1 

"a2a2 

Vi 

32B2 

Vi 

a2S2 

-Vi 

a  8 

2  2 

2 

u2 
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B1  '  “i  ~  nYl  ’  62  ’  “2  '  nY2 


a1  -  Q  -  w1Y1  ,  a2  »  fl  -  “2Y2 

Since  the  transformation  is  canonical,  the  matrix  T  satisfies  the  sympletic 
condition,  and  the  inverse  of  T  can  be  obtained  as 


In  addition, 


-1  T 

T  =  -  JT  J  . 


T  1  ST  =  JQ  , 


where  £2  =  dig  {oj1  ,o)2;u)1  ,<u2l  •  Thus,  Hamilton's  equation  in  the  new 

coordinates  (q,p]  can  be  written  as 

Q  -  Q  P  -  -  e  {p(aJ  7Q  ♦  aJ2?)  ♦  e1/2F(t)(A"Q  ♦  a’2p)}  , 


,  ,  21  22  .  1/2  .21  22 
P  ♦  Q  Q  -  -  e { p( A  Q  ♦  A  P J  +  e  F(t)  A  Q  ♦  A  P ) }  , 
1  -  1  -  2  -  2  - 


where 


-  a,a2(r,.Y2) 

_2f.  „2i  ’  A1 


;(Yi*y2)  a2(i-^2] 


-af(l.Yf)  a,a2(Y,-Y2) 

a,a2(Y,-Y2)  -a|C 1 *y|) 


aia2(Y1-Y2)  a2(l*Y2) 


2,  2,  • 


-a,a2(Y,.Y2)! 
2c «  i 


aia2(VY  )  -a2^1-Y2) 


af»t(l*Y^)  ,  a1a2[g(l-T1Y2)  -  (o2  ♦  y,B2)] 

-a1a2[g(l-Y1Y2)  -  (a1*Y281)]  ,  a2<»)2(l+Y2  ) 
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a?K+YiaJ  ’  "  aia2^g^1+Y1Y2^  "  (°2"Y1B2^ 

2 

a1a2[g(UY1Y2)  -  (arY2B,)]  .  a2[82+Y2cx2] 


af(81*Y1a1),  a1a2[g(l*Y1Y2)  -  (^-Y^g)] 

2 

-a1a2[g(l*Y1Y2)  -  Cot,  -y261  )  ]  .  a2(B2>Y2a2) 


a^(t^)  ,  -  a1a2[g(l-Y1Y2)  -  (a^Y^)] 
a  a2[g(l-Y1Y2)  -  (o^Y^,)]  ,  a2a)2(l^Y2)] 


Introducing  a  new  time  t  =  vt ,  detuning  parameter  A,  and  a  coordinate 


transformation 


-  i<  t  i*c  T 

Qp  =  i(zpe  r  -  zpe  r  ),  Pr  =  zpe 


-  lie  T  IK  T 

r  r 

+  z  e 
r 


where  <  »  u  /u>  ,  v  ■  a>  (1-eA),  zr 

r  r  o  o  r 

conjugates  z^ ,  in  equation  (*0  yields 


are  complex  variables 


2  2 


«  (i)eAK  z  ♦  7T—  n  l  {  t  f(o  +  +  iH ,  }cos(<  -  <  )t 

r  2wo  'j  3t,  Jrs  Jrs  s  r 


* 1  ( V»  *  ‘"jra|,in(<j '  v),)zs 


2 

*  M<Vs  *  ‘Vs’003^  *  V>T  -  l(V»  *  1HJrs>3lnK  * 
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where  D*  -  A,(22)  ±  A^115  ,  H* 

jrs  jrs  jrs  jrs 


.02)  *  i(21)  n 

Ajrs  “  Jr3  ’  n1 


1/2. 

e  £(t), 


n2  -  -  ec,  £(t) 


1/2  '  -  • 
c  hcosT  +  f(t/v)  and  the  corresponding  equation  for  z  can 


be  obtained  by  conjugating  equation  (6). 


Approximation  to  Markov  Process 

To  a  first  approximation  zr(t)  may  be  replaced  by  the  solutions  of 

'averaged'  equations  using  the  method  of  'stochastic  averaging'.  According  to 

this  procedure,  the  deterministic  terms  on  the  right  hand  sides  of  equations 

(6)  are  averaged  in  the  usual  manner,  while  the  stochastic  terms  are  replaced 

by  their  averaged  mean  plus  equivalent  fluctuational  parts:  the  details  of 

this  procedure  may  be  found  in  C 1 3 D •  Applying  this  procedure  to  equations 

(6),  it  is  found  that  the  parametric  excitations  contribute  to  the  averaged 

equations  only  when  the  frequency  of  the  harmonic  excitation  is  in  the 

neighborhood  of  the  value  2m.  ,(d  +  m.  and  |u>  -  to.  |  ;  £,m  »  1,2.  Thus,  for  the 

x*  m  x»  m  a* 

subharmonic  case,  i.e.,  2<^  =  1,  the  averaged  equations  take  the  form 


1  /2 

dz  =  -  e [ 8  -  iU<  -  a  )]z  dt  ♦  e  Z  a  ,dw  ,  r  =  1,2,;  r  *  l  . 

r  1  rr  v  r  rr'J  r  rj  j 

(7) 

dz,  =  -  e|[8^  -  iU<9  -  aJ}  )]zj  “  pIA  [at( 1  ]zildt 


‘l  U '  J  i  2m 

0 


For  combination  resonance  of  the  type  w  -  *  m^,  the  averaged  equations 


take  the  form; 
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dz,  *  -  £HB51  -  -  an)]zi  '  faia2^1  "  VKJdt 


1/2  r 

♦  e  E  a,  .  dw 
J-1  ,J  J 


(8) 


dz2  =  -  cl[822  ♦  i(A<2  -  a22 )  )Z2  +  |^“raia2^1  ‘  Y2^Z1^dt 


1/2. 

+  e  E  °4  i  dwj 
J-1  ’J  J 


Similarly,  the  averaged  equations  for  ojq  =  | u> ^  -  o>2|  takes  the  form 


d2,  ■  -  .([B„  -  l(J<,  -  «„)]*,  *  U,a2(Y,  *  V2)]*2Ut 


-  e1  /2  E  o  dw 
j-1  J  J 


(9) 


dz.  =  -  e 


f  [ S22  ~  i^<2  "  a22 ^Z2  2a>  ^ 31  a2 ^ Y 1  *  Y2^Z1^dt 

o 


*  eW2  E  o. .  dw 
j-1  2J  J 


In  the  above  equations 


Q(Y  ♦  1/Y  )  2 

"  r '  A 


8rr  C<r  f  2  2 

l“r  '  *3 


2uj 


-{(V  ♦  1Aj2Sff(0)  -  (Yr  -  1/Yr)2Sff(2*r) 


(y  ♦  Y  )  (Y  -  Y  J 

-'TX1-  srr  K  -  «.)  *  -hr-  srr(V  *  «.» 


r  s 


r  s 


(10a) 
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rr 


rr«V 

^0 


o  (y  ♦  y  )‘ 

1"J%ff(*0  ♦  "  3 


Y  Y 
r  3 


♦rrK  1 


(Y  -  Y  )' 
^  r  s ' 

Y  Y 
r  s 


♦rrK  * 's11 


(-1) 


r+s  A 


2  Vsl[Yp  *  ,/Tr)(YS  *  ,/Y3>Sfr(0) 


(Y  •  Y  )2 

‘  "  ,  Y  sfftkr  -  k,H  --.3  -1.2- 

r  s 


[aaT]  -  U  i  [(y  ♦  lAj  Sff(0)  -  (Yp  -  1/Yp)  S  ( 2<  )  ] 

r,2+r  a) 

o 


(y  +  Y  ) 

-  r  V  r  3  7 


z  z 


(y  -  y  ) 

'  n  a  y 


3-3'  Y  Y  Sff(kr  -  k3)  *  -TT -  Sfr(Kr  .  ks)]l  r  .  1,2;  s  .  r 


r  s 


r  s 


[ooT] 


r  ,2+s 


—  (z  2  [  ( Y  +1  /Y  )(Y  +1 /Y  }  + 
2  1  r  sl  r  r^s  s' 


(Y. 


Y  Y 
r  3 


Sff(kp+k3) ] }r,s«1 ,2;s*r 


Sff(u) 


ao  od 

/  Rff>(  t)cosojt<1t  ,  =  /  R.-U)  sincuTdr  ,  A  -  n/(w  -  u  ) 

0  rr  rr  Q  rr  ^ 


Wj(J  -  1,2...2n),  are  independent  Wiener  processes  of  unit  intensity  and  the 
remaining  terms  are  as  defined  in  the  previous  equations. 

It  is  worth  pointing  out  that  for  the  white  noise  case,  i.e. 
S(u)  -  SQ  and  <|>(<i»)  -  0,  the  above  quantities  reduce  to 
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[°0T). 


-  (-if*3  -4  (^)I(V2  *  ’)(v32 .  1)  .  (.-vsKv  *  t3)2Is0 

ui  r  s 
0 

r  ,3  *  1,2 


[ooT] 


r  ,2+r 


~  { z  z  (y2  +  1/Y2)  -  z  z  (Y  /Y  ♦  Y  /Y  ) } S 
2  P  P  P  p 7  3S  P  S  S  P  O 


(10b) 


r#s ,  r  -  1,2 


[ooT] 


=  _  ^ r  _JZ — 3  Y  J  Y  2  +  i)(y2  ♦  i)  ♦  (y  -  y  )2s 

r ,2+s  2  W  Y  r  n  s  ;  1  r  sJ  o 

oj  r  3 
o 


r  *  s,  r,s  = 


Stability  Analysis 

First  moments  stability  is  considered  in  this  section.  The 

differential  equations  governing  the  first  moments  are  obtained  by  taking  the 

expectations  of  both  sides  of  equations  (7-9).  It  is  evident  that  the 

resulting  equations  will  be  the  same  as  equations  (7-9)  with  the  stochastic 

terms  absent  and  the  variables  zr ,  z  replaced  by  their  expectations.  Since 

1  r 

these  equations  are  linear,  the  conditions  for  stability  in  the  first  moments 

can  be  found  readily  with  the  help  of  the  Routh-Hurwitz  criterion.  In  the 

remainder  of  this  section,  the  moment  stability  conditions  are  obtained  first 

for  the  subharmonic  resonance  case  ui  =  2u j.  and  then  for  the  combination  type 

0  £  • 

resonances,  w  -  lu,  ±  «_  I  . 

o  'i  2  1 

Subharmonic  Resonance 

Setting  %  -  m  and  <  -  1/2  In  equations  (7)  we  obtain  the  following 


stability  conditions 


E-l  1 


S  >0 
rr 


v/u.o)2  >  K^)2  (-4  hz]  '  46"'-'2{  ’  m 

wo  U1  ‘  u2 


1,2,  r  *  m 
_  2  ■ 


(l  -  2a 


mm 


mm 


1,2,  m  *  r 


(11a) 


(11b) 


It  is  evident  that  the  results  for  the  case  of  harmonic  excitation 

(at  a)  =  2(d  )  can  be  deduced  from  inequalities  (11)  when  the  stochastic  terms 
o  m 

are  removed.  The  conditions  ( 1 1  a )  depend  only  on  the  damping  term  and  the 
stochastic  part  of  the  excitation,  whereas  the  inequality  (lib)  is  a 
modification  due  to  the  stochastic  term  of  the  known  stability  condition 
derived  for  the  case  of  harmonic  excitation. 


Combination  resonance  :  <j  =  loi.  ±  w-l 

O  1  I  £ ' 

For  combination  resonance,  we  begin  the  analysis  with  the 

case  <1  +  <2  =  1 .  For  this  case,  the  stability  conditions  are  found  to  be 

B  >0  r  »  1 ,2  (12a) 

rr 


e  -  (•„  * 


<*22) 


w^y 


>  e 


!([6i 


1 /B22^ 


1  /2 


[8 


22/81 


J172}' 


xK-^f)2 

2“o 


C  r  -2  n2)W2^  f- 


-2 

2 


-  «2)1/2]2 


(u>1  -  oj2)‘ 


6 1 1 S22  ^ 


(12b) 


o>2 


It  is  evident  that  for  >  0,  we  must  have  n  <  u>1  for  the  existence  of 

stability  boundaries  in  the  (h,v/<no)  parameter  space.  Similarly,  the 

stability  conditions  for  the  case  | < 1  -  <^\  •  1  are  found  to  be 

B  >  0  r  -  1 , 2  0  3a) 

rr 


(l  -(an  -  a22)  -  v/uQ)2  >  c2([8n/822]1/2  ♦  [8, ,  /l22\ '  '*} 


1 1  /2 1 2 
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Furthermore,  for  Q  <  <i>.  and  8  >0  the  system  will  be  always  stable. 

1  rr 

Again,  the  conditions  (11a),  (12a)  and  (13a)  depend  only  on  the 
damping  term  and  the  stochastic  part  of  the  excitation,  while  the  conditions 
(11b),  (12b)  and  (13b)  are  modifications  due  to  the  stochastic  term  of  the 

known  stability  condition  for  the  harmonic  excitation.  In  the  absence  of 
stochastic  excitation  or  when  the  stochastic  excitation  is  a  white  noise,  the 
conditions  reduce  to  the  inequalities  for  the  case  of  harmonic  excitation, 
with 


o 


(  >+  /  £  i2  1  r r ~2  ~2)2  D  2  f -2  2 

^11  ^22  =  (71)  7 - - - 72  *  80  (w1  *  “2 

2<i)Q  (u)1  *  o>2 J 


It  is  obvious  that  for  the  undamped  system  (c  »  0)  the  first 
moments  are  always  stable  (critically)  when  mQ  *  +  u>2  and 

uiQ  =  f ui  1  -  u) 2 1  in  the  regions  Q  >  <d2  and  a  <  ,  respectively  (see  Figure 


lb).  Since 

the  natural 

frequencies  are 

ordered 

,  oi1 

)  (i>2 *  and 

the 

inequality 

-  2  ,  -2  -2 

2u g  w2 

-  2a2  <  2a) 2  holds, 

when 

the 

damping 

is 

present  (c  * 

0),  for 

2  -2 
a  <  u>1  ,  we 

have  ( 8 1 1 

S22^ 

4  >  0 

and 

>  0,  (622)*  >  0  and  the  stability  is  governed  by  the  conditions  (11b) 
and  (12b)  for  the  cases  2^  -  1  and  <1  ♦  <2  -  1 ,  respectively.  Furthermore, 
for  a2  >  u2,  we  have  >  0,  (e^)*  <  0  and  (B11B22)±  <  °*  i»Plying  that 
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the  first  moments  are  always  unstable  regardless  of  conditions  (11b)  and 

(12b).  This  indeed  agrees  with  ti)e  results  of  Chetayev  [14],  which  states 

that  the  addition  of  complete  dissipation  will  destabilize  the  system  which 

was  originally  stabilized  by  gyroscopic  forces.  Thus,  one  can  conclude  that 

for  white  noise  excitation  first  moment  stability  conditions  are  identical  to 

the  stability  conditions  of  harmonic  excitation  and  the  addition  of  damping 

destabilizes  the  region  ft  >  u^*  However,  when  the  excitations  are  not  white 

noise  but  a  band  limited  excitation  then  it  is  evident  from  Eq.  (10),  that  by 

choosing  the  spectrum  of  the  excitation  near  0,  2uir,  u1  +  <u2.  |w1  -  ui2|  one 

2-2 

may  stabilize  the  system  in  the  region  ft  >  a>2>  and  is  explained  below. 


Returning 

now  to 

the  non-white  noise 

excitation , 

consider  some 

particular  forms 

of 

the 

excitation  spectral 

density  S(<o) 

which  vanishes 

outside  the 

band 

with 

u>0  -  1/2  Aojq  <  to  <  (oQ 

♦  1/2 

Ao>  ,  such  that  the 

0 

correlation 

time 

is  0(1 /Auo) .  Therefore, 

if 

Au>  >> 

0 

e,  the  Markov 

approximation 

by 

the 

use 

of  the  limit  theorem 

will 

remain 

valid.  Thus, 

considering  uiQ  3  0,  and  3  | +  Ugl  definitely  make  6^ 

and  022  positive  for  large  values  of  SQ  as  is  evident  from  Eq.  (10).  It  may 
be  noted  that  >0  for  ft  >  u>2.  Thus,  by  appropriately  choosing  the  form 

of  the  excitation  spectrum,  an  unstable  rotating  system  can  be  stabilized. 

Second  Moment  Stability 

Even  though  the  calculation  of  the  explicit  formulas  in  terms  of  shaft 
parameters  for  the  mean  square  stability  is  long  and  cumbersome,  the  equations 
governing  the  second  order  moments  along  with  their  characteristic  equation 
are  given  below.  However,  when  the  periodic  excitation  is  absent,  explicit 
mean  square  stability  conditions  can  be  obtained  directly  by  letting  h  be 
identically  zero.  The  differential  equations  governing  the  second  moments  are 
obtained  by  taking  the  expectation  of  the  Ito  equations  corresponding  to  the 
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norm  ,  r  -  1,2.  Thus,  applying  the  Ito  differential  rule  leads  to  the 

following  equations  for  the  cases  ♦  *2  “  1  ancl  <1  “  <2  ”  1  ’ 

Case  1 :  ♦  <2  *  1 

5t  <ZlV  “  2£^'  811  *  S11^  <ZlV  *  fSl2^  <Z2Z2> 

-  iH*  [<z1z2>  -  <2^  z2> ] f 

5t  <Z2V  ■  2eHS,2]  <V,>  '  t-  ®22  *  S22J  (l5) 

-  iH+[<z1z2>  -  <z1z2>]} 

^  <z1z2>  “  2e{ iH+[<z] z1 >  ♦  <z2z2>] 

■  5  I'  (»,,  *  S22)  -  <Sm  *  2S12)  *  ii!  <Z1Z2>1 

Case  2:  <1  -  <2  =  1 

ft  <z,I,>  -  2c|[-  6,,  ♦  S„]  <V,>  *  [S,2]  <V2> 

-  H  [<z1 z2>  +  <z1 z2>] } 

^  <V2>  ■  2cl[s12]  <V,>  .  (-  S22  ♦  s22]  <Z2Z2>  (,6> 

+  H  [<z1z2>  ♦  <21 z2> ] } 

If  <Z,I2>  .  2e[h”[ <z, z, >  -  <z2z2>] 

*  1 1-  Ki  *  »22>  *  K*  *  2S,2)  *  “l  ^V1 


where 
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c 

v2 

,  _o  J 

-2 

[ 

-2  2 
+  -  2n 

1  •  H  -  4„ 

1  c  0 

1 2 

2  ' 
“o 

S± 

s  A2 
-  0  1 

h 

±  <»2)2(a)2  ♦  0)2  -  2(n2  +  w^)) 

H 

2  ' 
HI 

0 

1*n2u)^tD2 

and  the  rest  of  the  terms  are  defined  in  eqs.  (10b).  In  deriving  eqs.  (15) 
and  06),  the  stochastic  excitation  is  assumed  a  white  noise. 

Seeking  solutions  proportional  to  exp  (At),  the  characteristic 
equation  for  the  exponent  A  is  obtained  as 

—4  -3  -2  - 

A  +  a3AJ  +  a2A  +  a^  +  aQ  =  0 

where  a^s  for  both  the  cases  are  given  in  Appendix  -  A.  It  may  be  noted  that 
even  though  the  matrix  equations  (15)  and  06)  are  complex,  the  characteristic 
equation  is  real  and  stability  conditions  can  be  easily  obtained  using  Routh- 
Hurwitz  criterion.  Thus,  the  mean  square  stability  condition  can  be  written 
as 


a.  >  0  and 

l 


V2a3  >  A  -  a3a0 


Due  to  the  complexity  of  the  algebra,  explicit  form  of  the  stability 
conditions  in  terms  of  system  parameters  are  not  derived.  However,  when  the 
excitation  is  purely  stochastic  (white  noise),  the  second  moment  stability 
conditions  can  be  derived  by  letting  h  *  0,  t  »  ,  and  *  ^o^ff^r^ 

in  equations  (15)  and  (16)  as 
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•  [(S®  -  .2)2  ♦  aa2.2]^ 

*  [(a)2  -  oif)  ♦  J4«2][(aj2  -  ujf)2  ♦  8fi2^]  a)2} 

♦  [(w2  -  2J12)  /  (u2  -  2n2)  -  (J2  -  2Q2)/(u12  -  2n2)]2  >  0 

The  mean  square  stability  results  for  the  non-white  noise  excitation  is  given 
in  Appendix  -  B. 

Special  Case:  Shaft  with  Symmetric  Cross-Section 

The  results  presented  in  the  previous  sections  can  be  reduced  further 

for  a  shaft  with  symmetric  cross-section  and  the  simplified  stability 

conditions  are  presented  in  this  section.  For  a  shaft  with  symmetric  cross- 
—2  —2  —2 

section,  i.e.,  w1  =*  u>2  *  u  ,  the  natural  frequencies  of  the  system  reduce 
to  u1  »  ui  ♦  Q  and  u>2  -  w  -  Q  when  tu  >  fl.  For  this  case,  the  value 

of  ^  •  -  y2  »  1 .  The  first  and  second  moment  stability  conditions  are 
obtained  for  the  case  kr  *  ks  - 


1  and  are  given  below. 
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First  moment  stability  condition 

(1)  non-white  noise  excitation 


(t-2o  -  v/2u)2  >  {(6n/822)1/2  ♦  (S22/Bn)1/2}2-(-Z2)2{h2 

8oj 


H2s„b22I 


where  a  *  <Pff(1) 

32id 


•u-  l“l  *  lSff(0> 


Sff(1)]} 


(2)  white  noise  excitation 


( 1  -v/2ui )2  >  e2{(^Y2  ♦  (^)1/2}2.(J¥)2{h2-^V  -  fi2)} 
ui+n  ui+fl  8uj 


Second  moment  stability  conditions  (white  noise  excitation) 

i6h2(d  *  2s)  ♦  x2[4s  -  d(i  -  (n/w}2)]  +  [(i/Z)2d[d  ♦  2s)2 

♦  D(l2S2  -  D2}  ♦  16S3  <  0 

a1  -  l6H2(D  ♦  S]  ♦  \2{ 2S  -  D)  ♦  (fl/u)2D2(D  ♦  2S)  ♦  D(l2S2  -  2D2)  +  8S3  <  ( 
16H“  -  x2  ♦  (n/u)2D2  -  6D2  ♦  12S2  <  0 

4a? [ 1 6H2(S-D)  ♦  A  2( D*2S)  ♦  (n/w)2D2(2S-D)  ♦  6D3- 1 2DS2+8S3]  -  D3P  <  0 


where 


o  o  — * 

P  -  16H  S  ♦  A  ( 2S  ♦.  (fl/J)*d)  ♦  (n/u )";2DS(D>2S)  ♦  D3*8S3  >  0  , 


3^qc.3 


H  -  ,  S 

16b 


,  and  D 


E—  1 8 


As  before,  for  the  case  of  purely  stochastic  excitation,  i.e.,  h  a  0,the 
stability  conditions  reduce  to 


C  > 


Sff(2u) 


2( 


u 


-  Q‘ 


) 


for  the  case  u>  >  Q.  However,  for  uj  <  £2,  instability  always  occurs. 
Furthermore,  for  £2  3  0,  the  above  condition  reduces  to  the  well-known  results 
of  a  column  under  random  axial  loading. 

The  numerical  results  for  this  special  case  for  various  values  of  H, 
S,  D,  o»  and  £2  are  given  in  Figures  2,  3,  ^  and  5.  In  Figures  2(a)  and  2(b), 
the  first  and  second  moment  stability  conditions  are  plotted  respectively  for 
different  values  of  damping  parameters.  In  Figure  3,  the  first  moment 
stability  regions  are  compared  for  the  white  noise  and  non-white  noise 
excitations.  For  the  non-white  noise  case  the  stability  region  shifts  to  the 
right.  The  first  and  second  moment  stability  regions  are  compared  in  Figure 
*4.  It  can  be  seen  that  the  second  moment  stability  region  is  smaller  than 
that  of  the  first  moment  as  one  expects.  Finally,  the  mean  square  stability 
conditions  for  purely  white  noise  excitation  is  given  in  Figures  5(a)  and 
5(b).  The  stability  regions  are  compared  for  different  values  of  the  shaft 
speed  £2. 


Conclusions 

An  analytical  method,  based  on  sympletic  transformation  and  theory  of 
both  deterministic  and  stochastic  averaging  has  been  presented  for 
Investigating  a  rotating  shaft  under  combined  harmonic  and  stochastic 
excitations  of  small  intensity.  Since  a  rotating  shaft  being  one  of  the  most 
fundamental  components  of  many  mechanical  systems,  such  forms  of  excitations 
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are  realistic  ones  to  assume  in  many  practical  situations  where  the 
disturbance  arise  from  both  deterministic  and  non-deterministic  sources. 

The  equations  of  motion  were  first  transformed  to  first  order 
Hamiltons  equation  and  applying  appropriately  deterministic  and  stochastic 
averaging,  the  state  variables  under  suitable  conditions,  converge  in  a  weak 

A  A 

sense  to  Markov  vector  which  satisfies  Ito  equations.  From  the  Ito  equations, 
conditions  for  first  and  second  order  moments  were  obtained,  with  the  aid  of 
Routh-Hurwitz  criteria.  It  was  shown  that  the  results  for  harmonic  excitation 
case  can  be  obtained  from  the  first  moment  stability  conditions  by  making  the 
stochastic  terms  identically  zero.  For  the  white  noise  excitation,  first 
moment  stability  conditions  are  identical  to  the  stability  conditions  of 
harmonic  excitation.  Furthermore,  it  was  observed  that  stabilization  of 
harmonic  parametric  instabilities  are  possible  when  the  excitation  is  band 
limited  with  certain  spectrum. 
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Figure 


Figure 


Figure 


Figure  4 


Figure  5 


Figure  Captions 

1(a)  Rotating  3haft  with  pulsating  axial  load. 

(b)  Stability  boundaries  for  the  deterministic  undamped  case. 

I  First  and  second  moment  stability  boundaries  for  h  *  0  and  f(t) 

is  white  noise. 

I  Comparison  of  first  moment  stability  boundaries  for  white  noise 

and  non-white  noise  excitations. 

Comparison  of  first  and  second  moments  stability  boundaries  for 
the  white  noise  case. 

Mean  square  stability  boundaries  for  purely  stochastic  (white 
noise)  excitation  (h  -  0). 
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21111  211  ‘22 
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-(?sn  -  jBn)B222-B,23-is,/BnKo 


*■  1  [(s,  i  ‘  B|  1  )3i  2  f  H  2  S1 1  B!  1  2  S1 1  ^  ’  B22 


1  „  2 1 
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Appendix  -El- 

Mean  square  stability  condition  for  purely  stochastic  but  not  white 
excitation 

(c/02)Uf  -  J2)  [Uf  -  0.2)  *  4n2]  > 

{(u2  -  id2)2  /  (2a2(iif)}  Sff(2u,) 

*  ( 1 /u»1a»2)  [  { (u»1  ♦  ti>2  -  2n  )  +  20)^2} 

2  1  2 

-  {(.,  ♦  u»2  *  2Q  )  -  2jj1  uj2}  "  <*»2)]  . 

2,,  2  2,  r  ■  2  2.  2- 

ii''^  ;i'J2  ,jJ ^  /  l  v  ■*'2  J 1  *  l 

U^2  -  «2)2  /  ( 2Q2u)2] }  Sff(2o.2) 

*  (1/^^)  [Kw2  *  w2  -  2n2)  -  2Ula2}  sff(«,  -  «2) 

O  *n  ^ 

-  ((u1  *  ai2  -  2fl  )  -  201^2}  Sff(a»^  -  <ii2)  , 

(C/Q2)2(u»2  -  «2)2[Uf  “  ^  “  16£1^  *  (1/wl“2^  *  * 
u'  V—  srfl2“.>sff(2“2>  -  *tG?  *  “1  •  21,2)2 

nn 

2 

-  4 ( <*»t a*2 )  J  Sff(tJ1  ♦  0*2)  “  u2) 
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APPENDIX  F 

INTRODUCTION 

In  the  60's,  rather  unusual  and  severe  bending  vibrations  were 
observed  on  the  trans-Arabian  pipe  line,  which  at  that  time  was  a  large 
above-ground  oil  pipe  line  supported  at  20m  intervals.  Several  analysis 
were  carried  out  by  Ashley  et  al  CO,  Housner  [2]  and  Long  [3],  but  none 
was  able  to  predict  the  observed  frequency  of  the  vibration,  nor  could 
explain  the  origin  of  the  motion  except  the  fact  that  both  free  and  forced 
motions  due  to  cross-winds  may  create  these  observed  phenomena.  Housner 
[2]  did,  however,  indicate  the  possibility  of  a  dynamic  instability  of  the 
pine  at  certain  critical  velocities  of  the  fluid  which  he  related  to  the 
buckling  of  a  column.  These  results  were  verified  experimentally  sometime 
later  by  Dodds  et  al  [U].  This  phenomenon  was  due  to  the  terms  that 
represent  the  inertia  forces  produced  by  the  curvature  of  the  pipe,  and  was 
not  included  in  the  equation  of  motion  presented  by  Ashley  et  al  [1j.  Long 
[?]  used  the  equation  of  motion  presented  by  Housner  and  calculated  the 
frequencies  of  vibration  for  various  end  conditions  by  a  power  series 
method. 

1.1  Literature  Review 

It  seems  that  the  first  i nvest J gators  of  pipes  conveying  fluids 
mentioned  in  the  previous  section  are  Ashley  and  Havlland  [1]  and  Housne~ 
[2].  A  subsequent  elegant  study  was  made  by  Niordson  [5],  which  led  to  the 
same  equations  of  motion  as  that  obtained  by  Housner  [2]  and  to  essentially 
the  same  conclusions  regarding  stability  of  pipes  with  simply  supported 
end0 .  Furthermore,  Niordson  presented  a  treatment  of  the  problem  based  on 
•-►,,.11  theory  and  derived  the  beam  equation  as  one  approximation.  Lahe-, 
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Handelman  [6]  presented  an  analytical  method  in  which  the  character  of  the 
eigenvalues  of  the  problem  Is  determined  from  the  structure  of  the 
differential  equation  of  motion  without  determining  specific  solutions. 

The  existence  of  oscillatory  instability  (flutter)  was  fully 
explained  in  two  outstanding  papers  by  Benjamin  [7].  These  papers  deal 
with  the  dynamics  of  articulated  pipes  (consisting  of  rigid  tubes  ccr.r.ecte  i 
by  flexible  Joints)  conveying  fluids,  which  is  a  discrete  representation  of 
the  continuously  flexible  system.  In  this  work,  he  found  that  a 
cantilevered  system  of  articulated  pipes  was  subjected  to  oscillatory 
instability.  Benjamin  was  the  first  to  perceive  that  the  dynamical  probl-.m 
is  independent  of  fluid  friction,  and  also  pointed  out  that  the  buckling 
instability  is  possible  in  the  case  of  a  vertical  canti levered  system, 
where  gravity  is  operative,  if  the  fluid  is  sufficiently  heavy. 


Gregory 

and  Paldoussis 

[8]  have 

shown 

theoretically 

and 

experimentally 

the  stability  of 

cantilevered 

pipes  at 

suf f lciently 

high 

velocities. 

The  stability  of 

tubular  cantilevers 

conveying  f 

lui  Js 

(neglecting  gravity  forces)  was  further  discussed  by  Nemat-Nasser  et  al  [9] 
with  emphasis  on  the  effect  on  the  stability  of  velocity  dependent  forces, 
such  as  dissipative  and  Coriolis  forces,  they  showed  that  such  forces  may 
destabilize  the  system.  Subsequent  papers  by  Herrman  [10]  and  Herrman  and 
Nemat-Nasser  [11]  stressed  the  connection  between  the  problem  of 
instability  of  cantilever  conveying  fluid  and  the  more  general  problem  of 
instability  of  a  cantilever  subjected  to  a  "follower"  type  force  at  the 
free  end,  i.e.,  a  force  retaining  the  same  angular  disposition  relative  to 
the  free  end  in  the  course  of  small  motions  of  the  cantilever.  The  effect 
of  interns!  pressure  on  the  stability  of  pipes  conveying  fluid  was  studied 
both  theoretically  and  exper [mentally  by  Nagulesw aran  and  Williams  [12]  ad 
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it  was  reported  that  pipes  with  both  ends  supported  may  buckle  even  at  low 
velocities  by  the  action  of  internal  pressure.  Chen  [13]  studied  the 
stability  of  a  pipe  conveying  fluid  with  the  upstream  end  clamped  and  the 
downstream  end  constrained  by  a  linear  spring,  so  that  the  boundary 
conditions  are  intermediate  between  those  of  clamped-free  and  clamped- 
pinned  conditions,  accordingly,  both  buckling  and  oscillatory  instabilities 
are  possible  in  general,  depending  on  the  spring  constant. 

In  all  the  studies  discussed  above,  the  flow  velocity  was  taken  to 
be  steady.  Chen  [I1*]  examined  the  stability  of  simply-supported  pipes 
conveying  fluid  with  a  flow  velocity,  U,  which  has  a  time  dependent 
harmonic  component  superimposed  on  the  steady  .velocity  U0,  such  that  U  = 
u0(  1  ♦  ucosajt).  He  found  that  parametric  instabilities  could  happen  in 

such  cases,  and  also  determined  the  boundaries  of  stabili ty-instabili ty 
regions,  moreover,  he  found  that  parametric  combination  resonance  s^e  also 
possible.  Chen  obtained  the  equation  of  motion  by  substituting  U(t)  in  the 
original  equation  of  motion  obtained  for  steady  flow.  Hence,  Chen’s 
equation  of  motion  did  not  take  into  account  th ;  longitudinal  acceleration 
term  and,  therefore,  is  erroneous.  Paidoussis  and  Issid  [15]  considered 
the  case  of  a  harmonically  varying  flow  velocity  U  =  Uq(1  «■  uccswt), 
rederlved  the  pertinent  equation  of  motion,  correcting  the  e-ror  in  Chen's 
formulation,  and  extended  the  analysis  to  boundary  conditions  other  than 
simply-supported.  In  this  study,  they  obtained  the  regions  of 
instabilities  in  the  (y,<u)  parameter  space  using  the  method  proposed  by 
Bolotin  [163.  It  should  be  pointed  out  that  these  authors  obtained  only 
the  regions  corresponding  to  subharmonic  resonance,  and  wrongly  concluded 
t c'-,M  nation  resonance  cannot  be  obtained  using  the  same  method. 
Recently,  Arlaratnam  and  Sri  Namachchi vaya  [17]  presented  an  analytical 
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method  for  the  stability  analysis  of  pipe  with  flow  velocity  U  =* 
U0  ( 1  *  ucosujt)  for  both  subharmonic  and  combination  resonance  cases. 

Non-linear  analysis  of  flow  induced  planar  motions  was  presented  by 
Thurman  and  Mote  [183  for  a  pipe  with  simple  supported  ends  conveying 
fluid.  The  analysis  was  carried  out  using  perturbation  technique  and  the 
authors  found  that,  in  determining  the  natural  frequencies  of  the  system, 
the  Important  of  ncn-linear  terms  Increase  with  flow  velocity,  so  that  the 
range  of  applicability  of  linear  theory  becomes  more  restricted  as  the  flow 
velocity  increases.  It  was  also  noted  that  as  the  fluid  velocity 
increases,  the  effect  of  the  longitudinal  tension  variation  during 
oscillation  becomes  Increasingly  Important.  More  work  on  this  line  was 
done  by  Holmes  [19]  and  Rousselet  and  Herrman  [20]. 

An  analysis  taking  into  account  the  clrcumf erential  modes 
especially  for  short  pipes  was  made  by  Paidoussis  and  Denise  [21,22].  They 
analyzed  both  cantilevered  pipes  and  pipes  with  clamped  ends  and  found  that 
In  addition  to  instabilities  in  the  beam  modes,  instabilities  in  the 
circumferential  modes  are  also  possible,  and  verified  these  findings  by 
experiments.  Similar  theoretical  results  were  obtained  later  by  a 
different  analytical  method  by  Weaver  and  Unny  [2 33  for  simply-supported 
shells.  Chen  and  Rosenberg  [24]  studied  the  fluid-shell  interaction 
characteristics  in  the  small  flow  velocity  range  less  than  the  subcritical 
flew  velocity  considering  the  fluid  to  be  ideally  compressible. 

1.2  Scope  of  Present  Research 

Although  the  Hamiltonian  approach  given  in  [17,25,26]  is  elegant, 
the  meaning  of  the  physical  variables  are  sometimes  lost  and  the  effect  of 

damping  nay  r.ot  be  f^lly  included,  moreover,  the  equations  c:'  ~  ‘  ' 
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supported  pipes  conveying  pulsating  fluid  contain  nonconservative 
parametric  excitation  terms.  For  these  reasons,  a  non-Hamiltonian  approach 
is  used  to  develop  an  analytical  method  for  studying  the  stability  and 
bifurcation  behavior  of  supported  pipes  conveying  pulsating  flow. 

The  nonlinear  dynamical  system  under  investigation  is  formulated  in 
detail  in  Chapter  2.  In  addition,  various  transformations  are  made  to 
derive  a  set  of  equations  in  "standard  form".  The  stability  boundaries  and 
bifurcation  behavior  of  pipes  in  the  presence  of  parametric  excitations  for 
the  cases  of  subharmonic  and  combination  resonance  are  discussed  in  Chapter 
3  and  *1,  respectively.  The  numerical  scheme  developed  for  calculating  the 
stability  boundaries  and  bifurcation  paths  for  large  parameter  values  for 
the  autonomous,  averaged  equation  is  presented  in  Chapter  5.  Finally, 
Chapter  6  summarizes  the  conclusions  of  this  study. 
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STATEMENT  OF  THE  PROBLEM 
2.1  Problem  Definition  and  Formulation 

This  research  investigates  the  transverse  motion  of  a  uniform  pipe 
of  length  L,  mass  per  unit  length  m  and  flexural  rigidity  El,  filled  with 
fluid  of  mass  per  unit  length  M,  with  various  support  conditions  .  In 
general,  the  fluid  flow  field  will  be  affected  by  the  lateral  vibration  of 
the  pipe,  similarly  the  fluid  interacts  with  the  pipe  itself  and  alters  the 
vibrational  behavior  of  the  system.  In  this  study,  the  fluid  is  considered 
to  be  Incompressible  and  inviscid,  flowing  in  a  pipe  of  constant  cross- 
sectional  area  and  perimeter.  Furthermore,  the  effects  of  pipe  motion  on 
the  fluid  are  not  accounted  for,  while  the  effects  of  fluid  on  the  notion 
of  pipe  is  considered. 

The  equation  of  motion  is  derived  by  using  the  energy  principle. 
The  methodology  presented  herein  is  similar  to  that  given  in  Cl 5].  For 
sufficient  accuracy  a  linear  moment-curvature  relationship  is  assumed.  The 
potential  energy  of  deformation  or,  equivalently,  the  strain  energy  of  the 
system,  considering  first  order  nonlinearities  in  the  axial  strain  is  given 
by 


U 


I  T 
EA  t  r  0 

2  *  ’■P4 

0 


EA 


o 


(2.1) 


where  w  and  y  are  the  longitudinal  and  transverse  displacements,  TQ  is  the 
externally  applied  tension,  and  prime  represents  dif ferentiation  with 
respect  to  x.  The  kinetic  energy  of  the  pipe  is 


T 


1 


•2 

y 


dx 


(2.2) 


where  dot  represents  differentiation  with  respect  to  time  t.  Furthermore, 
the  fluid  kinetic  energy  is 

T2  =  f  /  {(y  *  uy')2  +  [u(l  *  \  y2)  -  Cq]  |  dx  .  (2.3) 

o 

where  the  axial  contraction  in  the  x-direction  is  expressed  as 


C 

o 


x 

(y'tt.tr)  6K  . 

o 


Benjamin  [5]  has  shown  the  statement  of  Hamilton's  principle  for  a  pipe 
conveying  fluid,  in  the  absence  of  dissipative  forces  can  be  written  as 


t2  ^2 

6  J  (L  ♦  M  u2C  ]  dt  -  /  Mu[y  ♦  uy’)  6y  dt  ,  (2.U) 


'1 


'1 


where  the  Lagranglan  L  *  T-|  T£  "  U  and  subscript  £,  represents  the  values 
of  the  corresponding  quantities  at  x  =1.  Specifically,  for  supported 
pipes,  since  -  0  and  y^  "  0  equation  (2.14)  can  be  reduced  to 

t. 


,  2 

6  j  Ldt  -  0  . 


(2.5) 


Substituting  equations  (2.1),  (2.2)  and  (2.3)  into  equation  (2.5),  one 

obtal ns 


\  Mu2tdt  *  if  j  [  ^  --  ^ -  y2  *  Mu(yy'  ♦  ~  uy'2] 


t,  0 


MU  ^  “  F  (gf  *  W'  4  ’  y’^2  "  F  y”2^ 


dxdt 


(2.6) 
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By  applying  the  usual  variational  techinques  to  Eq.  (2.6)  the  equation  of 
small  lateral  motions  is  obtained  as 


2  •  IV 

(M  ♦  m)  y  *  2Mu  y*  ♦  Mu  y"  -  TQy"  *■  MuU  -  x)y”  *  Ely 


ea  [w*  ♦  \  y  * 2 )y * ] '  -  o  • 


(2.7) 


The  corresponding  boundary  conditions  for  pinned-pinned  and 
clamped-clamped  pipes  can  be  written  respectively  as 


y(o,t)  -  y(i,t)  =■  0  ,  y"(o,t)  =  y"U,t)  =  o  ; 


y(o,t)  -  y(£,t)  -  0  ,  y’( o.t)  «  y'd.t)  -  0 


one  can  define  an  average  axial  strain  eQ(t)  as 


(t)  =■  7  \  (w’  ♦  \  y,2)dx  -  jr  /  (y')‘ 


Substituting  the  above  equation  in  Eq.  (2.7)  yields  the  equation  of  the 
transverse  motion  as 


(M  ♦  m)y  +  2Muy’  ♦  [Mu(l-x)  ♦  Mu^ 


-  TQ  -  /  (y']2  dx]y ’ '  ♦  EIyIV  -  0  . 


(2.8) 


By  defining  the  following  non-dimensional  quantities 
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T  l 

o 

El  ’ 


M  1  /2  u  1  /2  -  r.  r 

•  <Ef)  ut  •  Mr  ‘  (irr;)  •  E" '  :5  (Eorr^') 


1/2 


and  incorporating  damping  terms,  the  dimensionless  equation  of  motion  is 
obtained  as 


E*  nIV  ♦  nIV  +  [u2  -  T  ♦  (1-E)  Mr  u]  n”  ♦  2Mrun’  ♦  n 
£ 

-  •cn”  /  (n'J  dE  -  0  ,  (2.9) 

o 

where  the  dot  and  prime  of  the  above  equation  represent  the  di fferentiation 
with  respect  to  new  time  t  and  E,  respectively  and  E*  is  the  coefficient  of 
internal  dissipation  which  is  assumed  to  be  viscoelastic  and  of  the  Kelvin- 
Volgt  type.  Furthermore,  the  nonlinear  damping  terms  such  as 

E*  £  [  /  (y  y’ )  dx]  y2  , 
o 

are  assumed  to  be  small.  The  fluid  velocity  is  assumed  to  be  harmonically 
varying  and  given  by  u  =  uq(  1  ♦  pcosvt),  where  uq  is  the  mean 
velocity,  v  is  the  frequency  of  the  parametric  excitation  and  v  is  the 
amplitude  of  the  periodic  perturbation  which  is  assumed  to  be  small  and  of 
the  order  e.  Thus,  one  can  approximate  a  u£  ( 1  +  2ycosvt).  The 
discrete  equations  of  motion  correspond! ng  to  equation  (2.9)  are  obtained 
by  the  application  of  the  Ri tz-Galerki n  method.  Thus,  approximating  the 
transverse  motion  by 

n  « 

-  I  ♦  (E)qp(t)  , 

r-1 


n(E,t) 
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where  q  (t)  are  the  generalized  coordinates  and  ♦  (£)  are  the  eigenfunction 
r  r 

corresponding  to  the  free  undamped  vibration  of  a  beam  satisfying  all  the 
boundary  conditions,  the  discrete  equations  are  evaluated  as 


Iq  *  2M  u  Bq  ♦  [a  *  (u  -  T)c]q  ♦  7- 

r  o  ~  o  3q 


3U 


efhuD^q  slnvt  -  h[D^q  *  D^q]cosvt  -  E *Aq }  ,  (2.10) 


where  3U/3q  represents  the  nonlinear  terms,  u  a  eh,  E*  =  eE*,  A  =  diag 
1  4  4  4 . 

{ X ^ , x 2 . the  X^'s  being  the  in  vacuo  eigenvalues  .with  no  fluid) 

of  the  system.  D1  D2  and  are  constant  nxr.  matrices  defined  as 

D,  -  Mu  (C-D)  ,  D,  -  2uC  ,  D_  «  2M  u  B  , 

1  r  o  2  o  3  r  o 

where  B,  C  and  D  are  constant  nxn  matrices,  whose  elements  bp3,  cps  and 

d„_,  respectively,  Involve  integrals  of  the  eigenfunctions  and  are  given  by 

I  3 


b 

r  s 


1  » 

J  ♦p(C)  *3U)  d£  , 


1  « 

cp3  -  J  *'r'U)  *3U)  <«  . 


d 

rs 


/  £♦  (O  ♦’,(0  d5  . 

0  r  8 


Furthermore,  this  study  considers  only  geometric  nonlinearities  of  the  type 
given  by 

A  A 

U  •  «  cl  Jkt  VjV‘  •  "here  C1JM  ”  ClJCkl  ’ 

k  -  (AL)/(4I)  for  pinned-pinned  support  condition  and  k  *  (AL)/(2I)  for  the 
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rest  of  the  support  conditions.  Thus,  equation  (2.10)  describes  the 
parametrically  excited  motion  of  gyroscopic,  discrete,  nonlinear 
mechanical  systems  with  n  degrees  of  freedom  about  the  equilibrium 
configuration  q  ■=  0  . 

2.2  Transformation  to  Standard  Form 

For  the  purpose  of  studying  the  stability  and  bifurcation  behavior 
of  supported  pipes,  the  system  is  investigated  by  restricting  it  to  a  two¬ 
mode  discrete  equations  of  the  form 

q,  -  2<=q2  *  V.  ’  cf,(q.3.J)  •  U'"a) 

q2  ♦  20  q,  *  K22,2  -  cF^.q.f)  ,  '2.11b) 

where 


C  *  MruoB12  • 


-  »;  * 


T)  C„  , 


K22  ■  ‘5  *  (“c 


T)  C?2  . 


In  the  above  equation,  dot  represents  the  differentiation  w.r.t  new  time  i, 

where  u  i  *  vt,  v  »  u  ( 1 -c X ) ,  and  A  is  the  detuning  parameter.  The 

o  o 

expressions  for  F1  ,  ?2  contain  nonlinear  terms,  damping  terms  and  detuning 
parameter  of  the  system.  It  is  obvious  that  the  equations  (2.11)  do  not 
have  an  exact  solution.  It  is,  therefore,  important  to  use  an  approximate 
method  which  offers  a  very  elegant  summary  of  results.  One  can  use,  for 
this  purpose,  the  method  of  slowly  varying  phase  and  amplitude  which  takes 
advantage  of  the  well  known  process  of  averaging  with  respect  to  time  t. 
Now,  in  order  to  apply  the  method  of  averaging,  one  must  transform  Eqs. 
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(2.11)  to  a  suitable  "standard  form".  This  Is  achieved  by  means  of  a 
transformation  based  on  the  solution  of  the  unperturbed  syr,  ..n 
corresponding  to  e  -  0  of  Eqs.  (2.11),  i.e.,  by  assuming 

ll»)1  T  -luijT  ili^T  —  1 T 

q,  ■  Q„«  •  Q,  2e  '  =>,3e  * 

III).  T  “  lu).  T  iu^T  “iu^T 

<’2-«2ie  ,Q22e  '  Q23e  *Qit3 

lu)^  T  “icilj  T  iu^T  “liDgt 

"  31Q11e  "  a1Q12®  *  a2Q13e  "  a2Ql4e 

where  and  are  the  eigenvalues  and  the  i's  eigenvector  of  the 

unperturbed  system,  respectively,  is  the  mode  ratio  of  the  unperturbed 
system,  one  can  obtain 


q1  -  ZjSinUjt  ♦  )  +  z^Lni^r  +  <J>2) 


-  z1sin*1  ♦  z2sint2  , 


(2.12) 


q1  ■  z^u^costj  ♦  z2u2cos#2 


(2.13) 


Similarly 


q2  *  a1z1cos(tu1T  +  ^  *  #2) 


-  a1z1cos*1  ♦  a2z2cos#2  , 


(2.14) 


q2  ■  “  ZjOjUjSin^  -  ZgO^uigSin^  » 


(2.15) 


zt  ./2(qf,  ♦  qf2)  .  z2./2  («,'♦«,;) 


2  .  2- 


2  v 
“1  K11 


2  v 
a>2  -  Kn 


1  2Gu, 


*  2  2Cui- 


where 
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By  assuming  both  Zj  and  *j  to  be  dependent  on  t  Eqs.  (2.13)  and  (2.15) 
become 

Z^sin^  +  Z2sin^2  +  l1Z1cos«1  +  *2Z2C0S*’2  -  0  ,  (2.16) 

a^cos^  ♦  a2Z2cos$2  ~  a^Z^sin^  -  a2^2^2s*n*2  -  0  ,  (2.17) 

substituting  ror  q^q^qj  in  E(l3*  (2*11)  yield 

u1(Z1cos®1  -  ij^sin^)  4  (i!2(Z2cos$2  -  *2Z23in*2)  -  eF1  ,  (2.18) 

and 


-  u1a1(Z1sin*1  4  Z^cos^)  "  Z25in<f2  4  *2Z2cos*2)  =  c F.,  (2.19) 

respectively,  the  above  Eqs.  (2.16)  -  (2.19)  can  be  written  in  the  matrix 
form  as 


si  n<t> 


a1 cos41 
w.|  cos*1 


cost, 


-a^si  n*^ 
-a)1sin4>1 


-u)1a1sin41  -w^cos^ 


sin*. 


a2sin*2 

u)2cos*2 


-u,2a2sin*2 


cos*. 


-a2sin*2 
-^2si n*2 


-w2a2cos*2j 


z 

*11 


Y  -  c  < 


^  *2Z2) 


'0  ' 


F. 

<L 


(2.2 0) 


Premultiplying  Eq.  (2.20)  by  the  matrix  S  given  as 


'  w2 «2A2sln*i 

C0!?^1 

-a2A1 cos*1 

A2sin*1 

1 

w2a2A2cos*1 

-u>2A  si n*1 

si n* 

a2cos*1 

A 

-u)1  a  1  A2si  n*2 

A^  cos*2 

a1 A1 cos*2 

-A2si n* 

w1  A1 si n*2 

-a1A1sin*2 

A2cos* 

where  -  u2a2  -  ,  A2  *  “  “ia2  »  A  -  A^  •  A?  , 
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yields 


Equation  (2.21)  are  now  In  the  standard  form  and  are  exactly 
equivalent  to  the  original  equations  of  motion  (2.10).  By  using  the  method 
of  averaging,  which  Is  a  first  approximation  of  an  asymptotic  method,  the 
averaged  aquations  corresponding  to  equation  (2.21)  are  written 
symbolically  as 

dz/dx  -  eM  (x  )  ,  d$/dt  *  eM  (xA)  •  (2.22) 

t  2  t  9 

-1  T 

where  the  averaging  operator  Is  defined  as  M  (•)  *  llm  T  /  (’Idt  ,  and 

t  T  ®  o 

the  Integration  Is  performed  over  explicit  time  t.  According  to  the 

matnematical  basis  of  the  method  of  averaging.  If  the  averaged  equations 

(2.22)  have  solution  z  (t)  and  $  (t)  then  the  solution  of  Eqs.  (2.21)  will 

o  o 

remain  in  a  small  neighborhood  of  ZQ(t)  and  ♦q^)  for  all  time  since  the 

right-hand  sides  of  equations  (2.21)  are  periodic.  Furthermore,  the 

stability  of  the  averaged  system  implies  the  stability  of  the  solutions  of 

equations  (2.21)  and  the  averaged  equations  (2.22)  are  accurate  only  In  the 

first  approximation,  i.e.,  z  -  z  ♦  0(e)  ,  $  -  ♦  +  0(e).  Now,  by  applying 

the  averaging  operator  to  Eqs.  (2.21),  one  obtains  a  set  of  averaged 

equations  in  the  presence  of  parametric  resonance  which  occurs  over 

specific  ranges  of  values  of  In  the  vicinity  of  -  mu  and 

I u»  t  «  I  ■  mu,  m  *  1,2 .  where  u>  and  v  are  the  natural  an i  e  :  :  iti 

1  r  s  r 
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frequencies.  The  autonomous,  averaged  equations  of  the  nonlinear  system 

for  the  predominant  cases  (1)  2u>r  m  subharmonic  parametric  resonance, 

and  (2)  Iw  ±uj|  *u>,  combination  parametric  resonance  are  examined  in 
r  s  o 

the  following  chapters. 
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SUBHARMONIC  PARAMETRIC  RESONANCE 

3.1  Averaged  Equations  and  General  Results 

The  averaged  equations  of  motion  In  the  first  approximation  for 

a)  ■  2tu  ,  r  ■  1,2  are  given  in  Appendix  A  and  expressed  as 
or 


Z.  •  e|l>Zrtu.rsin(2*r>  *  V^coaU^)]  *  E»lpZrl  , 

Zrir  -  €Zrlh[Urr003(2*r)  -  Vrr3ln(2tr)]  *  Nr  -  »Dp|  , 


(3.1) 


where  the  terms  Urp  and  Vpp  are  defined  in  Appendix  B-I  and  the  remaining 
terras  in  Eqs.  (3.1)  are  defined  in  Appendix  B-II.  Since  the  r.h.s.  of  the 
above  equations  contain  1/(4a)  as  shown  in  Appendix  B,  the  time  is  reversed 
by  introducing  a  new  time  T  -  -  T.  Now,  putting  tan  8  -  Vpp/Upp,  Rp 

O  PI/?  * 

=  fu  +  V  )  and  p  *  p  *  9/2  in  the  above  equations  yields 
rr  rr  r  r 

dZ 

-  -  eZrNr3in  (2*r)  ♦  E»Er]  .  (3.2a) 

dp 

-  -  efhRpCOS  (2*p)  ♦  (N,  -  A Dp ) ]  .  (3.2b) 


The  stationary  states  are  determined  by  setting  dZp/dT  -  0  and  dp^/dT 
constant  in  Eqs.  (3.2),  which,  apart  from  the  trivial  solution  Zp  *  0, 
yields  an  amplitude-frequency  (a-f)  relationship, 

\  -  ±  D  "1  [h2R  2  -  (E»C  )2]1/2  *  D  _1N  .  (3.3) 

r  r  r  r  r 

Equations  (3-3)  represent  the  positive  and  negative  nontrivial  solutions, 

which  are  associated  with  cos  2b  *  -  3„  /(R  h)  and 

ro  r  r 

cos  2Pro  -  8r1/2/(Rrh)  respectively,  where  Sp  -  (h2R2  -  (E»£r)2).  3y 
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making  use  of  the  expression  for  A,  Eqs.  (3.3)  can  be  rewritten  as 

v  -  u  ?  2[h2R  2  -  (E«E  )2]1/2  “  2Z  2  P  (3-*) 

o  1  r  v  rJ  1  ro  r 

It  may  be  noted  in  Eqs.  (3*1*)  that  the  negative  sign  corresponds  to  the 
positive  nontrivial  solution  and  the  positive  sign  corresponds  to  the 
negative  nontrivial  solution. 

3-2  Stability  and  Bifurcation  Analysis  of  Trivial  Solution 

In  order  to  consider  the  stability  of  the  trivial  solution,  Eqs. 

A 

(3.2)  are  transformed  from  Z„,  o  to  new  variables  Xr»  X  by  means  of  the 

i  r  *  r 

transformation 

A  <■  * 

X  *  Z  si  no  ,  X  *  Z  COSO  . 
r  r  r  r  r  r 

This  procedure  yields 

dX 

Jf*  •  ■  eZr[hRrsin(20r)  +  E*Er]cosOr 

♦  eZ  [hR  cos(20  )  *  N  -  AD  IslnO 
r  r  r  r  r‘  r 

-  e|EHrXp  -  (hRr  -  ADr)Xp  -  N^}  , 
dX 

tf-  m  “  £Zp[hRpsin( 20p]  *  E*Cr]sinOp 

-  cZp[hRpcos(20r)  ♦  Np  -  ADr]cosOp 

-  -  ej ( hR  -  AD  )X  ♦  E«£  X  ♦  N  X  )  . 

1  r  r  r  r  r  x  r 


(3.5) 
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It  I s  evident  that  the  linear  part  of  Eq.  (3.5)  corresponds  to  the  linear 
variational  equations  about  Zp  »  0,  whose  solutions  are  proportional  to 
exp  (pT),  where  p  *  p/e  is  given  by 


Therefore,  the  trivial  solution  is  asymptot ioally  stable  if  the  following 
conditions  hold: 


Cp  >  0  ,  1 1  -  v/«o|  >  2[hV  -  (E*Sr)2]1/2  .  («o  -  2u»r)  .  (3.6a) 


However,  for  the  undamped  case 


P1>2  »  *  [(»«.  *  ^DrKhRr  “  *Dp)J 


1/2 


and  the  stability  cinditlons  get  simplified  to 


\»/w  <  1  _  2pR 

o  r 


v/u  >  1  ♦  2pR 
o  r 


(3.6b) 


It  is  shown  that  for  the  undamped  case  the  trivial  solution,  which  is 
stable  in  the  Lyapunov  sense,  loses  its  stability  at  XDp  -  ±  hRp  due  to 
double  zero  eigenvalues.  Thus,  for  E*  -  0  and  Np  -  (x^  ♦  X^)Pp, 

introducing  a  new  time  T  ■  eT  and  linear  transformations  XP  *  Up  +  Vp, 

A  ~ 

X  -  -  V  /  f  2R  )  and  X  »  -  V  /(2R  ),  X  -  U  ♦  V  ,  for  the  cases  XD  -  «• 

p  p  '  p 7  p  p  p  p  p  r  p 

hR„  and  XD  -  -  hR  .  respectively,  Eq.  (3-5)  yields 
*  r  r 

dU  P  p 

— £■  -  V  *  [ ( 2R  P  )u  5  ♦  ( 6R  P  ♦  r~-)  U 1 
-  r  rr^r  '  r  r  2R  '  r  r 

dT  r 
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3P  P  P 

♦  (6R  P  +  r~)  U  V  2  +  (2R  P  +  r1  +  — ^r)  V  3] 
r  r  2Rr'1  r  r  r  r  Rr  flR  r 

P 


V  ?  [a  U  3  ♦  aJJ  2V  +  a,U  V2  ••  a0V  3] 
r  3  r  2rr  Irr  OrJ 


dV  .  P 

—  -  ±  [( 2R  P  )U  3  +  (6R  P  )U  2V  +  (6R  P  ♦  r£“)  U  V  2 
r  r'  r  r  r'  r  r  v  r  r  2Rr'  r  r 


+  (2R  P  +  r£~)  V  3] 
k  r  r  2R  ;  r  J 
r 


[b,U  3  «•  b  ’J  2V  ♦  b.U  V  2  +  b  V  3] 
‘  3  r  2  r  r  Irr  Or 


=  ±  b,U  * 


The  normal  form  of  the  above  equations  are  computed  with  the  aid  of  the 
following  near-identity  transformations 


U  -  t,  -  a  n  t  2  ♦  n2C  ♦  )  n3 

p  r  orr  2  p  p  v  5  r 


Vr  *  ^r  4  boVr?  *  ^  \\  "  a3np3 


2R  P  n  ' 
r  r  r 


(3.7) 


In  the  above  equations,  positive  and  negative  signs  correspond  to 
the  cases  X  *  *  2hRp  and  X  «  -  2hRp,  respectively.  It  is  evident  from  Eqs 

(3-7)  that  the  point  corresponding  to  v/u>Q  *  1  +  2hRr  (x  -  -  2hR^j  is 
Moreover,  two  parameters  -  u1  and  are  needed  to  completely 


unstable. 


unfold  the  singularity  [27],  and  these  parameters  usually  represent  the 
determinant  and  the  trace  of  the  linear  operator  when  E*  *  0,  \D^  »  *  hR^  . 
However,  In  this  study  E*  is  identically  zero  and  the  damping  is  generally 
fixed.  Thus  by  introducing  y^  =  [h^R  ^  -  (l  -  v/u0)  Dp  1  one  obtains 


dE  , 

— —  *  y.  n  t  2R  P  n 
a  1  r 


The  fixed  points  are  given  by 


*  u. 


1/2 


*  y 


n„  -  °  .  E„ 
r  r 


0;  n. 


2R  P  ' 
r  r 


•  5r  ’  0:  V 


-  ( - — ) 

'  OB  P  > 


1  /2 


2R  P 
r  r 


e.  =  o 


and  the  nontrivial  fixed  points  exist  only  for  the  following  cases: 

1.  If  Pp  <  0,  then  for  the  cases  v/a>o  *  1  -  2hRp  and  v/ujo  *  i  +•  2hRp 
nontrivial  fixed  points  exist  for  >  0  and  y1  <  0,  respectively. 

2.  If  Pp  >  0,  then  for  the  cases  y/(*>Q  =•  1  -  2hRr  and  v/uQ  s  1  *  2hRp 
nontrivial  fixed  points  exist  for  y^  <  0  and  >  0,  respectively. 

3-3  Stability  of  the  Nontrivial  Solution 

The  stability  of  the  "global"  nontrivial  solution  (3-3)  is 
Investigated  by  examining  the  linear  variational  equation  of  the  averaged 
equations  (3.2)  about  the  nontrivial  solution.  Letting  Zr  ■  Zpo  *■  xp 
and  $  «  ♦  Yp,  (l.e.,  *  ♦pQ  ♦  9/2)  the  linear  variational  equation 

is  obtained  as 


'  E'£r)Xr  *  (2hZr0RrC032;p0)Yr]  . 


dX 

3T  "  ‘  c[^Rpsin2^ro 


(3.8) 
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^  r 

Using  the  a-f  relation  corresponding  to  cos  2$ro  *  ±  "  R  h  *  the 

r 

eigenvalues  of  the  characteristic  equation  corresponding  to  Eq.  (3.8)  are 
obtained  as 


1.2 


-  i  [( 


E»Er)‘ 


±  DZ 


ro 


0  l/2-i  1/2 

P  6  J 
r  r 


(3.9) 


The  positive  sign  within  the  square  brackets  in  Eq.  (3-9)  corresponds  to 
the  positive  nontrivial  solution  of  Eq.  (3.^0  •  It  is  evident  from  Eq. 
(3.9)  that  for  Pr  <  0,  the  positive  nontrivial  solution  is  stable,  while 
the  negative  nontrivial  solution  is  unstable.  The  opposite  results  prevail 
for  Pp  >  o.  For  the  undamped  case  i.e.,  E*  =  0,  the  equation  of  motion 
reduces  to 

A 

dZr  Zr[hRr  sin2*r 

*r  [hRp  cos2ir  -  XDp  ♦  2Zp27j 

Now ,  by  integrating  the  above  expression,  and  putting  Xp  =  /Zp  co s$  and 
*  /Z  sin$  ,  one  obtains 

i  r  p 

9hRp(Xr  -  Yr)2  *  i)(Xr2  *  Yr2)Pp  -  6lDp(Xr2  *  Yp2)  -  Const.  (3.10) 

With  the  help  of  Eq.  (3.10)  one  can  obtain  various  phase  portraits  for 
different  values  of  \  and  h,  and  thus  the  stability. 
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COMBINATION  PARAMETRIC  RESONANCE 

4.1  Averaged  Equations  and  Stability  Boundary 

The  bifurcation  in  the  presence  of  combination  resonance,  which 

exists  under  the  conditions  t  u»2|  *  (jQ  is  studied  in  this  chapter.  For 

the  case  of  lui,  ♦  tu_ I  »  a>  ,  by  applying  the  averaging  operator  to  Eq. 

1  l  2 1  o 

(2.21),  one  can  obtain  the  averaged  equations  of  motion  in  the  first 
approximation  given  in  Appendix  A  and  express  as 

‘l\  3  elhZ2fUi  23in^i  *  *2^  *  V12COS^1  *  *2^  *  Z1E*^  ’ 

Z2  =»  e{hZ1  [u21sin(<>1  «■  $2)  «•  V^cosU,  *■  t>2)]  +  Z2E*£2}  ,  (4.1) 

Zjij  =  e|hZ2[uj2cos(4i1  ♦  <*2)  -  V^sinU,  ♦  4>2)]  +  (N1  -  ADjZ^  , 

12>2  *  [U21eos(^!  ♦  *2)  -  V21sin(>1  ♦  >2)]  *  (M2  -  AD2]Z2J  , 

where  the  quantities  U12,  U21 ,  V12,  and  V21  are  defined  in  Appendix  3-1. 
Since  it  can  be  shown  from  the  numerical  calculation  that  ui  2 V2 1  "  U21V12  “ 
0  and  the  individual  terms  are  nonzero,  one  can  take  Ui2^12  =  ^21^21* 
Introducing  a  new  time  T  *  -  t  as  before  and  putting  V^2/U12  *  tan9 ,  the 
equation  of  motion  can  be  reduced  to 

dZ 

tf-  m  ‘  e|hZ2R12sin(«1  ♦  *2  ♦  e)  ♦  Z^,}  , 

dZ 

3T-  -  *l"z1»2, »*»(♦,  '  *2  *  •>  *  z2E’e2l  • 

d<>. 

Z1  ~  -  -  e( hZgR^ 2cos(<)^  ♦  *2  ♦  9)  ♦  Z^Nj  -  ADj}  ,  (4.2) 
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d$2 

Z2  dT~  ^hZ^cosU,  *  $2  ♦  6)  *  Z2(N2  -  XD2)}  , 

where  “  (u.^  +  ^12^^  anc*  ^21  *  ^21^  +  ^21^^'  Yn  order  to 

examine  the  trivial  solution  of  the  above  equation,  Eq.  (H.2)  is 

transformed  from  Z,  $  to  new  variables  X,  Y  by  means  of  the  transformation 


1.2 


Z1.200sh.2 


1.2 


Z,.2Sln*l,2 


This  procedure  yields  a  set  of  nonlinear  equations  in  X  and  Y  as 
dX 

dT~  e{E*C1X1  +  h(u12Y2  +  V1 2X2^  +  XD1Y1 

-  [N^CX,2  *  Y1 2)  ♦  2N12(X22  ♦  Y22)]Y11  , 
dx2 

dT~  '  ~  e{E*C2X2  +  h(U21Y1  +  V2ixi)  4  AD2Y2 

-  +  O  +  NWX22  +  Y22^Y2}  * 

d-'l 

dT  e^E*E1Y1  4  h^Ui2X2  ~  V12Y2^  "  ADlX1 

4  [N, 1 (X1 2  ♦  Y, 2)  ♦  2N12(X22  ♦  Y22)]X1),  and 

r-y 

ST  •  -  tU*y2  *  h(u2)x,  -  v2|i,)  -  ad3x2 
*  [2N21(x,2  *  V, 2)  *  n22(x22  *  y22)]x2I  . 


(^.3) 


It  is  evident  that  the  linear  part  of  these  nonlinear  equations  correspond 
tc  the  linear  variational  equations  about  the  trivial  solution.  Following 
the  procedure  given  in  Appendix  C,  the  stability  conditions  are  obtained  as 


F-24 


(«,  *  «2)  >  0. 


5,  1/2  S,  1/2  . 

M  -  V/0.J  >  [(^)  ♦  (~)  ](h2Rp  -  E»2e152)1  2/(di  ♦  D2). 

(4.4) 

where  Rp  -  ^12^21  v  ^12^21*  Furthermore,  the  stability  conditions  reduce 
to 


5,  1/2  5,  1/2 

|1  -  v/«  |  >  [(r1)  ♦  (A  ]  hR  1/2  /  (Dt  ♦  Dg) 


(4.5) 


and 

I  1  -  v/ui  I  >  2hR  1/2  /  ( D  ♦  D  )  (4.6) 

1  O'  p  I  c 

for  the  cases  where  the  system  is  lightly  damped  and  undamped, 
respectively.  It  is  evident  from  Eqs.  (4.4)  and  (4.5)  that  F.  has  to  Ke 
positive  for  the  existence  of  the  stability  boundary. 

One  can  now  consider  the  case  |u1  -  u>2|  -  u>Q,  again,  applying  the 
averaging  operator  to  Eq.  (2.21)  yields  a  set  of  averaged  equations  given 
in  Appendix  A  and  expresses  as 

A  A 

-  e|hZ2(ui2sin(^1  -  *2)  *  V^cosU,  -  ^J]  ♦  Z,  }  , 

Z2  -  elhZ1[U21sln(«1  -  *2)  ♦  V^cosU,  -  02)]  ♦  Z2E#S2^  * 

A  A 

Zji,  -  e{hZ2[ui2cos(^1  -  02)  -  V12sin(t,  -  *g)]  ♦  ( M1  -  AD^Z^  , 

A  A 

Z2i2  -  ef-  hZt[U2tcosUt  -  02j  -  V^sinU,  -  *2)]  ♦  (N,  -  ADr)Z2}  , 

AAA  A 

where  the  quantities  U12,  ,  V^2  and  V21  are  defined  *n  Appendix  B-I.  As 

~ef;re,  it  may  be  shown  t.nat  the  term  (ui2'.'2)  ~  J 1  ~  7 1  ^  i 
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zero.  Following  the  same  procedure  given  for  the  case  of  |u>1  ♦  u2|  -  u0, 
one  obtains  the  stability  conditions  as 


U,  *  e2)  >  o  . 


I'  -  v/«o|  >  [(^)  *  (^)  ]  [n2Rp  -  EH,t2]'/2/(D)  *  d2) 


(4.7) 


1  /2 

1  -  v/(Do|  >  2hR  /  (di  ♦  D2)  , 


(4.8) 


for  the  cases  where  the  system  is  damped  and  undamped,  respectively.  It  is 
evident  form  Eqs.  (4.7)  and  (4.8)  that  the  term  Rp  =  +  Vi2V21  ’  ha? 

to  be  positive  for  the  existence  of  the  stability  boundary.  However,  the 
numerical  calculation  indicate  that  in  the  primary  region,  i.e.,  the  region 
UQ  <  (u0)c'  here  (UD)C  Is  the  critJcal  mean  velocity  at  which  the  system 

A 

loses  its  stability  through  divergence,  Rp  in  Eqs.  (4.7)  and  (4.8)  is 

negative.  It  is  evident  from  the  stability  conditions  obtained  previously 

that  the  system  is  always  stable  (no  stability  boundaries) 

for  |u,i  -  *  |  *  u  •  Thus,  in  the  remaining  section  of  this  chapter,  we 

shall  only  consider  the  combination  resonance  of  the  type  |w1  +  u,|  =  a. 

for  u  <  (u  )  . 
o  o  c 

4.2  Stability  of  the  Nontrivial  Solution 

In  order  to  study  the  nontrivial  solution  of  Eq .  (4.2),  the 

stationary  states,  apart  from  the  trivial  solution  Z  =  0,  arc  determined 


hy  putting  dZr/dT  -  0  and  d$r/dT  ■  const.  Jn  Eq.  (4.2)  and  from  the  first 
two  equations  of  (4.2)  yield 


F-26 


!lO  fV12*2> 

7  "  l  v  c  ' 


1  /2 


20 


'V21  *1 


and 


(4.9a) 


3lnUt  ♦  <P2  *  d) 
C03(*1  ♦  +  9) 


-  e,(5152> 


1/2 


hR 


1/2 


s-V2  'n 

t  [1 - J-^] 

h  R 


(4.9b) 


B/  adding  the  phase  equations  (4.2),  one  obtains 

•  °2>  ■  h[(S',/2  *  'S’''2  /U^2  '  1 


coa  (<J1  *  <>2]  *  (M1  >  N2)  , 


(4.10) 


substituting  Eq.  (4.9)  into  Eq.  (4.10)  yields  an  amplitude-frequency 
relationship  as 

»■<»,♦  °2)"lt((^),/2  *  (^)’/2l  -  B’%,2 

*  Z.02t(HU  *  2"l2)  *  ^  ^22  *  2N2|!1I  ■ 

the  a-f  relationship  corresponding  to  positive  and  negative  signs  will  be 

called  the  positive  and  negative  nontrivial  solutions. 

The  stability  of  the  nontrivial  bifurcating  solution  is  examined  by 

considering  the  linear  variational  equation  of  the  averaged  Eq.  (4.2)  about 

the  nontrivial  solution.  Letting  Zj  *  ^10  *  *1'  ^2  ”  ^20  *  x2  and 

a  »  &  ♦  v  wb.ora  <P  ’  P,n  *  the  linei"  variational  eq  .at  .cm  ci*. 

O  O  1 0  c  j 
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be  reduced  to 


dX 


5T  ■  "  e|E*E1Xl  -  E*E1  2^  *2  *  hZ20R12oo!Vl  • 


dX„ 


3T  -  -  E I-  E*E2  2^  *1  *  E*E2X2  *  hZ10R2.OM»oYl- 


(4  12) 


dT 


'10 


SZ1  3Z1  Z  Z 

1 0* ^20 


]  x; 


1  ~  1  /2 


3N.  3N„ 


+  l±  Z ~  Fa’'fc  +  [lz~  *  3Z^ 

20  22  Z10,Z20 


]  x2  4  z*U}  4  s2)y}  , 


whe^e 


7  v  r  i  /? 

1/2  r  r  .1/21  .2_  ,,.2  „  10  , 

-  U2/tJ  J  ,  a  -  h  R  "  E*  f  L  ,  - ly— r-J 

P  ^  ^20  w2ri 


In  Eqs.  (^.12),  ZrQ  and  4>ro ,  r  =  1,2  are  stationary  nontrivic.1  solution? 
"  n.:s,  usjr.r  the  a-f  relation  derived  f  ror.  Eq .  (^.11) 


[(V4l,/2*l‘2/{lJ,"]*,'‘-Z?otl'l,  *2* 


1/2i  1/2 


21 


'vi2E2^  ^N22  +  2N12^  ’ 


fli.  1  ^ 


the  characteristic  equation  for  Eqs.  (^.’Z)  can  be  obtained  as 

P3  *  2E*U1  +  C2)  P2  +  [e*2(E1  4  C?)2  *  F^a  ♦  u1  % z,  0(  t "  2 ) 


1  /2 


220U2/EJ'/21p  '  2E'U,t2)'/‘:c‘"i210o1  .  2J0o?]  -  0  .  (*.H> 


|1 /2  1 /?: 


«  *'»<_  r  <c 
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3N  3M 

°\  "  32^  *  3Z^  *  2^N11  *  2N21^Z10  * 

3N  3N 

°2  “  3Z^  *  3Z^  ’  2^N22  +  2N12^Z20  * 

For  the  cubic  Eq.  (4.14),  the  condition  that  none  of  the  roots  has  positive 
real  parts  is  given  by  the  Routh-Hurwltz  criteria,  which  requires  that 


(5,  ♦  c2)  >  0  , 


♦  ?2)2  -  F2d  *  2a/iU]/i2Y'£Z^Q[{Hu  *  2^) 


1/2,  2, 


V, 

♦  (yH  (N22  ♦  2M21)]  >  0, 


2E«(e1e2)l/2a'/2z12[(N|)  •  2n,2)  .  (-1£)  U22  *  2S21)1  >  0  . 


2E*3U,  •  e2)3  •  2F2aE*U,  •  E2)  «  »E*  Z,2^,2^,,  *  2»,j)  (“-'S) 


*  (2NI2  *  *22 1  >  0  • 


Since  It  can  be  shown  that  is  positive,  it  is  evident  from  the  stability 


conditions  that  for 


’  K,  *  2N,2  *  '*22  *  2N2.)'  ■’  *!  >0  ’ 


the  nontrivial  solution  corresponding  to  the  positive  sign  in  Eq.  (4.13)  Is 

stable  only  if 
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E*2U,  *  t2)2*  F2.  «  2a'/J(t)/c2),/2Z)2[(N,1  .  2N,2) 


*  l"22  *  2N21)]  >  ° 


and 


2[(^1/C2)1/2  ♦  (t2/C1)1/^l  *  [E^U,  ♦  K2f  *  F^o] 


»1/2 


1/2  5  V 

*  “  if^T  *  2N,2>  *  <2  <**,2  *  "22>1  >  °  • 


(^.16) 


It  should  be  notec  that  in  the  above  equation  the  negative  and  positive 
signs  correspond  to  positive  and  negative  nontrivial  solutions, 
respectively.  Furthermore,  for  light  damping,  i.e.,  E*  ■*  0 

and  *  e2>  the  linear  variational  equation  of  the  averaged  Eq.  (^.2)  can 
be  obtained  as 


dX 

dT 

dX 

dT 

dY 

dT 


1 


2 


'  ehZ20R12COSV  ' 


-  eh210R21cos$oY  , 


,  ,  „  3N.  3N_ 

-  e{[t  FhR  +  ijr  +  arJ  z  z  5  X1 

i 0  P  3Z1  3z2  Z10,z20 


,  ,  3N,  9N_ 

[±  r-  ^Rr1/2  -  *  ^)7  7  ]  x,  , 


* 20 


P  522  ’VW  2 


the  ampl i tude-frequency  relation  becomes 
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'"“o'  hRp1/2  tU,/E2)2  -  U/5,)2]  -  Z,02[Cni  ,  .  2»21) 


'  ^V]252^  ^N22  *  2!l12^  ’ 


(4. 17) 


and  the  corresponding  stability  condition  is 


F2„R  1/2  *  2(y52)’/2Z,2((»n  *  2»12)  ♦  (£)  (»„  •  2»2,)]  >  0  . 


(4.13) 


Thus,  for  [(*Nn  *  2N12)  +  (V21/V12^  ^N22  *  2N21  ^  =  * 2  <  °*  the  nontrivi31 
solution  corresponding  to  the  negative  sign  is  always  stable  while  that 
corresponding  to  the  positive  sign  in  Eq.  (4.17)  is  stable  only  If 


2,0  <  (V?,)1 


F2h»; /2 

21(^1,  ♦  Z»,2J  ♦  IV2,«12)U22  *  2N21 


(4.19) 


Evidently,  opposite  results  prevail  for  >  0.  The  analysis  for  the 
undamped  system  can  be  carried  out  be  letting  E1  *  S2  ln  E9*  ( *♦  •  1 7) .  Thus, 
for  the  undamped  system,  the  a-f  relation  is  obtained  as 


“■“o'  2BR„'/2  -  Z,<>|>  *  2N,2>  *  lV~)  (NJ2  '  2N21»  (,-20) 


Since  F  -  0  for  the  undamped  system,  by  examining  the  condition  (4.18),  one 
can  infer  that  for  ij>2  <  0,  the  undamped  nontrivial  solution  corresponding 
to  the  negative  sign  is  always  stable  while  that  corresponding  to  the 
positive  sign  is  always  unstable.  Furthermore,  for  ii>2  >  0,  the  opposite 


results  prevail. 
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^•3  Bifurcation  Analysis  of  Trivial  Solution 

As  pointed  out  In  Appendix  C,  the  trivial  solution 
of  Eq.  ( 14 . M )  losses  stability  at  X  -  ±  (i.e., 

Xc  *  ±  [U1/C2)1/2  +  ( 31  /2]n’ 72  /  (di  ♦  D2)),  and  undergoes  a  Hopf 

bifurcation.  In  order  to  examine  the  local  bifurcation  behavior,  the 
linear  part  of  these  equations  is  brought  to  the  simplest  diagonal  form 
with  the  help  of  the  transformation  (x,Y  -*•  u,y)  given  in  Appendix  C.  This 
procedure  yields 


b(x*)  “  +  sty.Y^c.n^  ’  ~  *  c(a±c^  +  h^-’-,Ac,n^  * 


where  b(a  )  and  c(a  ]  are  defined  in  Appendix  C  by  Eq.  (C6).  It  may  be 
c  c 

+  - 

noted  that  the  nonlinear  function?  g  ar.d  h  are  different  for  and  *c  due 
to  the  fact  that  the  eigenvectors  of  B  and  C  at  and  Xc  are  different 
even  though  the  eigenvalues  are  the  sane.  For  the  problem  under 
consideration,  the  nonlinear  terms  are  cubic  in  u  and  y.  Thus,  the 


contribution  from  the  stable  modes  v  to  the  equations  restricted  to  the 

i  t  k 

center  manifold  is  of  the  order  |u|  ,  k  >  3.  and  can  be  neglected  ir.  the 

first  approximation  [28].  The  bifurcating  periodic  solutions  are  given 

[28]  near  A  *=  ±  A  as 
c 

A  A  ^  ^ 

u1  -  z  slnty  ,  Up  =  z  cos^  ,  ( h . 21 ) 


where 


A  2  _  _ 

z  «  -  U’Y/r)  ,  *  U)t  ♦  a  , 

1  A»A~ 
c 

:•  U,  •  t(.;  -|«;)l  ,  .  • 

A  *  A 


-  (v/u0)  -  (v/u0)*  . 


Y 
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1/2  1/2 

-  1  *  [(r1)  ♦  (r)  ^1/2  7  (°i  *  °2 ^ 


r  „  i-  (^!i  ♦ 

16  3 


33S2  33g2 

1  *  ,  .  2„  \  3  ' 


3u1  J  3u1 3Ug  3u1  3Ug  3u2  u  =*  v  =*  0 


(4.22) 


.3  .3 

,  i  ,3  8i  .  3  *i 
S  •  16  1 


)!• 


33g, 


3  2  2  3* 

3a2  3u^  3a2  3u1 3u2  3u^  u  -  v  *  0 


The  expressions  for  R  and  S  are  obtained  from  g1  and  g2,  which  Is  given  in 
Appendix  C  by  Eq.  (C8).  In  addition,  it  can  be  3hown  that 

Zro  ”  4[(Cr)2  *  (dr)2)^  •  i"1-2’  (4-23> 

where  Z  and  z~  are  defined  in  Eqs.  (4.13)  and  (4.21)  respectively. 

VO 

Furthermore,  at  (u/o)Q)  *  (v/,<1,0)q  che  derivative  of  the  real  part  of  tr.e 
critical  eigenvalue,  ,  is  negative  and  positive  respectively.  Thus,  the 
nontrivial  solutions  exist  for  Y  >  0  only  if  R  <  0  and  R  >  0 
at  X*  and  respectively.  Furthermore,  the  stability  of  the  trivial  and 
bifurcation  paths  are  given  by 

—  -  5’Yw  and  -  -  2<5’Yw  .  (4.24) 

dt  dt 

♦  - 

Since  in  this  problem  R  <  0  at  A  and  R  >  0  at  X  (from  numerical 

c  c 

calculations),  It  Is  obvious  that  at  XQ  the  averaged  system  undergoes  a 

stable  supercritical  Hopf  bifurcation  and  at  A  the  averaged  system 

c 

undergoes  an  unstable  sufccritical  Hopf  bifurcation.  The  undamped  sy--  - 
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becomes  unstable  at  X  given  by  Eq.  ( ^ ^ ) ,  due  to  the  eigenvalues  in  the 

c 

imaginary  axis  coalescing  and  one  pair  crossing  to  the  left  and  the  other 
to  the  right  half  of  the  complex  X-plane.  Such  instabilities  in  the 
context  of  Hamiltonian  systems  give  rise  to  a  so-called  Hamiltonian  Hopf 
bifurcation  [293.  The  linear  operator  at  this  critical  X  value  has  a  non- 
semlsimple  form,  and  the  bifurcation  behavior  is  yet  to  be  examined  in 
detail. 
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NUMERICAL  METHOD 

5.1  Numerical  Results  of  Analytical  Method 

The  numerical  results  of  pinned-pinned  pipe  and  clamped-clamped 

pipe  for  subharraonic  and  combination  resonance  cases  are  discussed  here. 

In  order  to  investigate  the  parametric  Instability,  the  unperturbed  system 

Is  assumed  stable  and  only  the  primary  stable  region  will  be  considered, 

l.e.,  uq  <  (UQ)C  where  (UQ)C  *3  an<i  for  pinned-pinned  and  clamped- 

clamped  pipes,  respectively  [17]  and  represents  the  critical  mean  velocity 

at  which  the  system  become  unstable  through  divergence. 

We  first  discuss  the  case  of  subharmonic  resonance.  The  numerical 

calculations  indicate  that.  In  the  primary  stable  region  the 
2  2 

terms  appearing  In  Eqs.  (3-D  are  positive.  Thus,  It  is 

evident  from  the  stability  conditions  (3.6).  that  the  stability  boundaries 

exist  for  u  =  2^ ,  u  3  2uj2  .  In  Figs.  'a  and  2a  the  relation3hi ps 

between  u  and  v/u  4  (u>  ,  is  the  dimensionless  frequency  in  the  first  mode 
oi  ol 

when  *  0)  for  pinned-pinned  pipe  with  eE*  *  0.015  and  eE*  =*  0.005  are 

shown  for  the  cases  v  3  2uij  and  v  =  respectively  for  =»  1.88. 

Similarly,  the  stability  boundaries  for  a  clamped-clamped  pipe  with  eE*  = 
0.005  and  eE*  -  0.001  are  shown  in  Figs.  3a  and  4a  for  the  cases  v  '  2o>1 
and  v  =  2ui^,  respectively.  In  Figs,  la  -  4a  the  points  S  and  Dg  represent 
the  parameter  values  at  which  the  Instability  of  the  trivial  solution  of 
the  averaged  system  Eqs.  (3.1)  occurs  through  a  simple  bifurcation  (one 
eigenvalue  crossing  the  origin  in  the  complex  A-plane)  and  double  zero 
bifurcation  (two  zero  eigenvalues  crossing  the  origin),  respectively.  The 
associated  bifurcation  paths  are  shown  in  Figs.  1b  -  4b.  For  a  fixed  value 
of  u,  as  v  is  increased,  the  trivial  solution  loses  stability  at  left  point 
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Dg  or  S  depending  on  whether  the  system  is  damped  or  undamped.  The 

nontrivial  solution  defined  by  Eq.  (3-4)  bifurcates  at  either  point  Ds  or 

S,  giving  a  stable  nonzero  but  constant  Zro  value.  The  correspond! ng 

solutions  of  Eq.  (2.21)  are  periodic  with  period  2ir/o>r,  =  v/2), 

where  oj  and  Z-  are  related  by  the  relationship  (Eq.  (3.4))  as  shown  in 
r  1 

Figs.  1b  -  4b.  On  the  other  hand,  if  v  is  decreased  from  the  right  to 
left,  the  trivial  solution  becomes  unstable  at  right  point  Dg  or  S  and 

bifurcating  solution  is  unstable  as  shown  in  Figs.  1b  -  4b. 

Secondly,  for  the  case  of  combination  resonance.  The  numerical 
calculations  indicate  that  in  the  primary  stable  region  the  terms  £  and 
U12U21  +  V12V21  appearing  in  Eq .  (4.1)  are  positive.  The  stability 
boundaries  for  pi nned-pinned  pipe  with  eE*  =  0.005  for  u^  -  1.8c  a *  : 

clamped-clamped  pipe  with  e E*  «  0.001  for  uo  =  4.0  are  given  in  Figs.  5a 
and  6a,  respectively.  The  points  H  and  in  Figs.  5a  and  6a  represent  the 
parameter  values  at  which  the  instability  of  the  trivial  solution  of  the 
averaged  system  (4.2)  occurs  through  a  Hopf  bifurcation  (a  pair  of 
conjugate  eigenvalues  crossing  the  imaginary  axis  in  the  complex  1,-piar.e; 
and  double  Hopf  bifurcation  (defined  before  as  a  Hamiltonian  Hopf 
bifurcation  in  Hamiltonian  system),  respectively.  The  associated 
bifurcation  paths  are  shown  in  Figs.  5b  and  6b.  For  a  fixed  value 
of  u  as  v  is  increased,  the  trivial  solution  loses  stability  at  the  left 

point  H  and  stable  supercri ti cal  Hopf  bifurcation  takes  place  and  a 
periodic  path  branches  off.  The  corresponding  solutions  of  Eq.  (4.2)  are 
modulated  periodic  solutions.  On  the  other  hand,  at  the  right  point  H,  the 
trivial  solution  loses  stability,  as  v  is  decreased  from  far  right,  through 
an  unstable  subcritical  Hopf  bifurcation. 
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The  numerical  results  of  the  local  bifurcation  analysis  pertaining 
to  Eqs.  (4.21)  -(4.24)  are  calculated  for  plnned-plnned  and  clamped-cl imped 
pipes.  Even  though  the  numerical  results  differ  from  that  of  the  previous 
results  In  the  third  digit,  the  plots  of  these  two  results  are  nearly 
Identical  as  shown  In  Figs.  7  and  8  for  plnned-plnned  and  clamped-clsmped 
pipe,  respectively.  It  Is  evident  from  the  numerical  calculation  that  the 
value  of  R  and  5'  In  Eq.  (4.22)  Is  *  0.00997  and  *  0.0616  respectively,  for 
plnned-plnned  condition  at  A*.  On  the  other  hand,  R  and  are  *  0.00546 
and  *  0.131  respectively,  for  clamped-clamped  condition  at  A*. 

5.2  Numerical  Scheme  for  Periodic  Solutions  of  Autonomous  System 

The  analytical  results,  of  the  periodic  solutions  of  the  averaged 
equations,  obtained  using  the  Hopf  bifurcation  theorem  is  valid  only  In  the 
small  neighborhood  of  A  «  A*  For  large  values  of  Y  *  A  -  A~  ,  these 
solutions  become  Inaccurate  and  therefore  It  Is  necessary  to  use  a 
numerical  scheme  which  can  determine  the  bifurcating  periodic  solutions  of 
the  autonomous  averaged  Eqs.  (4.3).  The  straightforward  method  of 
calculating  steady-state  periodic  solutions  of  nonlinear  autonomous  Eqs. 
(4.3) 

a  -  f(a,u, A )  ,  a(o)  -  aQ,  a  -  (x.y)  ,  (5.1) 

is  to  numerically  Integrate  the  differential  equations  from  some  Initial 
state  until  the  transient  response  becomes  negligible.  However,  In  a 
lightly  damped  system,  convergence  to  the  steady-state  response  is  very 
slow,  and  the  Integration  must  extend  over  many  periods  making  the 
computation  time  consuming  and  costly.  Thus,  In  this  study,  we  shall  make 
use  of  Newton-Raphson  algorithm  given  by  Aprille  and  Trick  [30]  to 
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determine  the  period  T  of  the  response  and  the  initial  condition  aQ  such 
that  integrating  (5.1)  from  the  guessing  initial  condition  aQ  over  the  time 
interval  [0,T]  yields  immediately  the  steady-state  periodic  solution  of 
period  T.  In  this  method,  the  initial  value  problem  (5-1)  is  transformed 
into  a  two  points  boundary  value  problem 

T 

a  -  E(T,a  )  ,  where  E(T,a  )  *  a  ♦  j  f(a(t) ,u,X)dt,  T  >  0  (5.2) 

—  ~0  "■  0  ~0  q  ^  ~ 

with  *4  equations  and  5  unknowns,  aQ,  T.  The  resulting  set  of  nonlinear 

algebraic  equations  are  then  solved  using  a  Newton-Raphson  interaction 

technique.  Such  algorithms  have  been  used  by  Tousi  and  Bajaj  [31]  to  solve 

periodic  solutions  of  averaged  equations. 

It  is  Important  that  the  initial  guess  of  the  period  T  and  the 

initial  condition  a  is  reasonably  good  for  fast  convergence  of  this 

~o 

algo^l t-hm.  The  known  analytical  solutions  of  the  Hopf  bifurcation  theorem 

4- 

can  be  used  as  a  good  starting  point  near  X  *  Xc  .  Once  the  period  and  the 
initial  conditions  are  obtained  for  a  specific  value  of  X,  these  values  can 
be  used  as  the  starting  point  for  calculating  the  period  and  initial 
conditions  for  X  +  dX ,  provided  dX  is  sufficiently  small.  The  stability  of 
the  periodic  solution  a  *  $(<ut)  Is  governed  by  the  variational  equation 

&  «  A(tK  ,  A(t)  -  (Mi))  ,  t  =  u.t  (5.3) 

whose  solution  can  be  written,  for  example,  as  £  =  C  $ '  ( t )  and  C0  i  s  an 
arbitrary  constant.  The  Floquet  multipliers  are  eigenvalues,  t  ,  of  the 
monodromy  matrix  and  one  of  the  eigenvalues  is  *1.  The  periodic  solutions 
are  stable  provided  the  remaining  multipliers  lie  inside  the  unit  circle. 
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There  are  three  ways  In  which  the  periodic  solutions  can  become  unstable: 


(1)  by  one 

multiplier  of  Eq. 

(5.3)  leaving 

the 

unit 

circle  through 

giving  rise 

to  a  saddle  node 

bifurcation, 

(11) 

by 

one  multiplier 

crossing  the  unit  circle  at  -1  and  the  associated  bifurcation  is  referred 

to  as  a  period  doubling  bifurcation,  and  (111)  by  a  pair  of  complex 

conjugate  multipliers  with  |c|  -  1,  giving  rise  to  a  solution  on  a 

2 

two-torus  T  .  It  will  be  seen  In  the  numerical  examples  that  only  saddle 
node  bifurcations  take  place  for  the  problem  under  consideration. 

The  periodic  solution  obtained  using  the  numerical  scheme  Is  shown 
in  Figs.  9  and  10  for  plnned-pinned  pipe  and  cl  amped-ol  amped  pipe, 
respectively.  Even  though  the  numerical  method  Involve?  a  considerable 
amount  of  computations ,  the  known  analytical  solutions  were  used  to  reduce 
this  effort  significantly.  In  Figs.  9a  and  10a,  the  amplitude  frequency 
relationships  obtained  analytically  and  numerically  are  compared  for  the 
damped  system.  The  period  T  of  the  bifurcating  orbit  is  plotted  against 
the  frequency  u  3  for  the  damped  system  in  Figs.  9b  and  10b. 
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CONCLUSIONS 

In  this  study,  the  Ideas  related  to  the  method  of  averaging, 

Poincare-Birkoff  normal  form  [27],  and  center  manifold  theorem  [28]  have 

been  used  appropriately  at  different  stages  of  the  analysis  to  investigate 

the  stability  and  bifurcation  behavior  of  nonlinear  supported  pipes 

conveying  pulsating  fluid.  Explicit  results  for  the  stability  boundaries 

of  the  trivial  solution,  bifurcating  paths  and  their  stability  have  been 

obtained  for  values  of  the  system  parameters  u,  E*  and  v,  where  the  value 

of  v  is  taken  in  the  neighborhood  of  v  *  2^,  v  =  2u2  and  v  =  +  u^.  It 

is  shown  that  when  the  system  undergoes  a  combination  resonance,  the 

ti.'urcating  solutions  of  the  averaged  system  are  periodic  as  opposed  to 

constant  solutions  which  bifurcate  in  the  case  of  subharmonic  resonance. 

Thus,  in  the  case  of  combination  resonance,  the  original  system  exhibits  a 

2 

modulated  periodic  solution  or  a  T  solution  as  opposed  to  period  two 
solutions  in  the  case  of  subharmonic  resonance. 

There  are  two  types  of  bifurcating  paths  obtained  from  the 
analytical  method,  namely  the  "global"  and  the  "local"  bifurcation 
solutions.  The  "global"  bifurcation  solutions  are  obtained  directly  from 
the  averaged  equations  as  nontrivial  solutions.  Whereas  the  "local” 
bifurcation  solutions  are  obtained  by  examining  the  instability  of  the 
trivial  solution  of  the  averaged  equations  and  its  various  bifurcations. 
These  two  results  agree  in  their  common  regions  of  validity.  Finally,  the 
numerical  scheme  which  determines  the  bifurcating  periodic  solutions  is 
only  uvd  for  the  case  v  =  +  1  evident  from  the  sensitivity 

of  the  averaged,  autonomous  equation  that  the  step  of  each  integration 
should  be  sufficiently  small. 
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Figure  1 


(a)  Stability  boundaries,  and  (b)  amplitude-frequency 
relationships  for  plnned-plnned  pipe  -  subharmonic 
resonance  v  »  2u>. ,  ■  7.71. 
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U0  =  4.0,  Mr  -  0.447,  E*  -  0.005.  W0I  -  22.37 


Figure  3  (a)  Stability  boundaries,  and  (b)  amplitude-frequency 

relationships  for  clamped-clamped  pipe  -  subharmonic 
resonance  v  -  2u>  ,  w  -  16.98. 


Figure 


(a)  Stability  boundaries,  and  (b)  amplitude-frequency 
relationships  for  clamped-clamped  pipe  -  subharmonic 
resonance  v  -  2u„,  u,  -  56.77. 
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u0  -  1.88,  Mr  -  0.8,  E*  =  0.005,  W01  =  9.87 


Figure  5  (a)  Stability  boundaries,  and  (b)  amplitude-frequency 

relationships  for  plnned-pinned  pipe  -  combination 
resonance  v  ■  ■  7.71,  *  33.55. 


F-46 


U0  -  1.88,  Mr  -  0.8,  E*  -  0.005,  Wot  -  9.87 


Figure  7  Comparison  between  local  analysis  and  Figure  5  result 

for  the  amplitude  frequency  relation  for  pi nned-plnned 
pipe  -  combination  resonance  v  -  w.  ♦  u>9,  w.  *  7.71, 
u2  -  38.55.  1  *  1 


v/w0i 


U0  -  4.0,  Mf  -  0.447,  E*  -  0.001 ,  W01 . 22.37 


Clamped-Clamped  Pipe  v— Wj  +  W2  (damped) 


Figure  8  Comparison  between  local  analysis  and  Figure  6  result 

for  the  amplitude  frequency  relation  for  clamped-clamped 
pipe  -  combination  resonance  v  ■  u>  ♦  u  u  -  16  98 
u>2  “  56.77.  1  21 
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Figure 


Clamped  -  Clamped  pipe  v«*  Wj+W2  (damped) 


0  (a)  Comparison  between  analytical  and  numerical  results 

for  the  amplitude  frequency  relation,  (b)  relationship 
between  period  and  frequency  v,  for  clamped-clamped  pipe 
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appendix  Fl 

AVERAGED  EQUATION  OF  PARAMETRIC  EXCITATION 
The  averaged  equation  In  the  first  approximation  for  the  foil  awlr.g 

cases  of  Eq.  (2.21)  are 

( 1 )  3  <*»0 

2,  *  Zj  (u[vOj  (2,2)(m2aj  -  <H|aja2) 

2 

♦  vD  (1,1)  “  u*2<32^  *  02(2,  1  )(^2®j  “  '■*»iat2) 

♦  D.,  (1 ,2)['ligXy*y  -  «,<»**,)  *  Dj(2,2)('j^i?  -  'Oy’j  ) 

2  2 

♦  D  (1.1)(Ulu2a2  -  u1a?a2)]  Coa2)| 

2  2 

-  u[vD^  (2,1  )(ai^«2  -  ajjOj  )  ♦  vDj  (1  ) 

♦  D2(2.2)((j2a^  -  (^a^)  ♦  D2(1,1)(»1o2o1  -  u^)] 

♦  D^(1,2)(u1d)2ata2  -  w2a2a2)  *  D^(2, 1 ) [ ^  ^  2a2  )  ]sin2>2 

♦  2c[i2^<1,2“iaf  "  Vt0^ 

♦  A^u^a2  -  w^a, a2)] }  /  [4U23,a2  -  <*i,  ^a2  -  w,^*,  ♦  )) 

2  2 

♦  ,  -  {u[vD](2,1)(u2a1  -  u,«2)  ♦  vDt(1,2)(u»2a1a2  -  ) 

♦  02(2,2)(<iila1a2  -  t^a,  )  ♦  DjO ,  1 ) ( “2®2  *  tu,a,02’ 

2  2  2 

♦  D3(2,1)(u»2a2  -  u^a,)  *  D3(1,2)(uJa1a2  -  cos2>l 

2 

-  u[vDj (2,2)(u»2a2  -  uja,1°2)  *  v^|  ^ *  ) (wla1a2  ~  u2a2^ 

2  2 

♦  D2(2.1)(a»2o1  -  a.,3,)  ♦  D2(T,2)(u2a,at  -  ) 
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(2) 


2  2  2  2 

♦  D2(2,2)(w1Q1a2  -  ♦  D^(1  ,1)(w2“i02  "  wia2al^  sln2<l1 

+  Z2<[3C(2,2)2U2a2a2  -  ♦  C(1  , 1  )C(2,2)  UgOg  ♦  u>2a2 

.  2  2 

-  u1a2a1  -  “1a2ai  )  +  3C(  1.1)  (“2°2  "  tlilaia2^ 

+  \  Z2tf[3C(2.2)2(w2aJ  -  a^a*)  ♦  C(2, 2)C(  1 , 1 )  (w^a2) 

♦  w2a^  ~  ai^o2a^  ~  ui^o^a^)  +  3C(1,1)  (ugdg  ~  <*^a^a2)] 

2  2  2 

♦  a[g(uj1  a2a1  ♦  u1  a2 

-  -  a)1  w2a1  )  ♦  ^(^0^2  -  u^2) 

2  2  2 
+  K  (w^Og  -  a)2a2  )]}  /  [nt&^Og  - 

2  2  )■) 

-  «2»1a1  ♦  “ia2ai 

2u)2  “  “o 

2 

Z2  =  Z2{p[vD1(2,2)(u1o2  -  w2aia2^ 

2 

+  vD1(1l1)(u2a1o2  -  u1a1  }  *  D2(2,1)(u1a2  -  w2ai ) 

-  D2( I^U^a,2  -  w2a2al  )  4  D3(2,2)(u2a1o2 

-  u^a2)  ♦  D^(  1  , 1  )(u)2u)1a2  -  (ii2a2a1  ]]cos2(f2 

2  2 

-  u[vD1(2,1)(w2a1  -  m^g)  +  vD^  (1 ,2)(«2a2o1  “  ) 

♦  D2(2,2)(w1q2  -  w2a?a2)  •*  D?(  1 , 1 )  (<*>2ttla2  '  “l“f^ 

2  2  2  2  i 

♦  D3(2,1)(w1a)2a2  -  «2°i  )  4  DjO  .2) (w^a^  -  “2a2al  ^*ln242 

r  «r  2  2  \  2 

2z  [  A  2''U)2h,1°2  ~  w2a1a2'  4  *1'<‘,2u1a1 
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-  w2ala2^  /  "  U)2UJ1  a2  ~  *  tV*1°[2^ 

>2  »  (u[yD1  (2, 1  )(w)  3^  ~  ^  ( 1  ,  2)  ( ujj  ) 

♦  D2(2,2) ('J2aia2  -  (iJia2^ 

♦  D2(l  .l)(o*1a1  -  *  0^(2, 1  )('^2‘11  ' 

2  2  2 

«•  D^(  1 ,2)(tD2a2a1  -  )  C032$2 

2  2 

-  u[vDj  (2,2)(u1d2  “  a*2aia2^  *  vD^  ( 1  • 1  )((jJ2a1a2  ~  “i01!  ) 

-y  y 

♦  D2(2, 1  )(m1a2  -  ^  1 ,2^tl,1°t231~  "  w2'12ai  ^ 

2  2  2  ^ 

♦  D^(2,2)(ai2  a2a1  -  u^u)^)  *  D^(  1  , 1  )  ( ‘*»2U>1  “  1  "  'li2lt21\ ^  3ir,2i7 

♦  z\  <  [  3C  ( 2 , 2 )  2(  a2a2  "  u)2a2a^)  *  C(2,2)C(  !  ,  Uf^aj1  «■  ayi2 

a  2  2 

-  w2aia2  "  'J2a2a1  ^  *  3C(  1  , 1 )  (u1a1  - 

♦  j  Z2  <[3C(2,2)2(a»132  -  ^2a23°1^ 

2  2  2  3 

♦  C(  2 , 2)C(  1  , 1  ) ( (1)^2  *  (Uia2a1  "  ‘1,2aia2  "  w2°2  al  ' 

2  2  2  2 

♦  3C(1,1)  (u^g  -  “2a1a2^  +  x[c(w2a1o2 

2  2  2 

♦  “2a1  '  Vla2°1  "  "2*1  °2J  *  K22^2al°2  "  W1  V 

2  2  2 

♦  Kn(a>2a1a2  -  «,<*,)]}  /  -  <^2^\a2 

2  2  ii 

-  w2a)1a1  ♦  3^2  J  j 

(3)  |ui1  ♦  (i»2(  -  uo 

Zj  -  (  Z2l  ul.  vDj  ( 2, 2)  ( “>23)32  -  <*»j (  I  ,  1  )  (  ij  i2  *  ->2  1-2  J 
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,  3  2  ^ 

♦  D2(1,2)[u2a2  -  0)^2  a1  J 

2  2 

+  D2(2,1)(u2a1  -  ^a2)  ♦  D^( 2, 2) ( a2  -  ) 

2  2 

4  D^(1 ,1)(w2a2  -  “1“2ai0t2)j  cos(^1  +  4>2) 

2  3 

-  u[vD1  (2,1)(u)1a2  -  u2a1  )  +  vD^  ( 1 , 2) ) 

2  2 

4  D2(2,2)(u)2a1a2  -  )  ♦  D2(1 , 1 )  ( -  w2a2  ) 

+  D-(2, 1  )(u)2a1  -  w^o^)  +  D^(1 ,2)(iD22a2^  -  ^2a2°"\  ^sln^1  + 

r  2  2  1  2 

♦  2eZ1  [ A2tail(D2a1  -  a^J  * 

2  2  2  2  2  i 

-  a)1a1o2)]}  /  [^(^0^2  -  w2w1o2  -  w^a,  4  w,  a^)] 

Z1^1  =  lZ2^lifvDi  (2.D(<d2o1  -  u>1<x2)  +  vD1  (1 ,2)(u>2a2 

2  2  2 

-  u1o2a1  )  4  D2(2, 25(01^2  -  u^a,^)  4  ^  1  ’ 1 )  (u2a2 

2  2 

-  io1a1a2)  *  D^(  2, 1 )  ( u2a2  ~  u2a\^  *  *V  1  •  2H“1  w202ai 

2  3  2 

-  <u2a2  )]  C0s(<>1  4  $2)  -  y[vD1  (2,2)(aj2a102  *  h,ia2  ^ 

2 

4  vD1  ( 1  , 1 )  (u  0^2  -  ui2a2^  *  D2(2,1)(w2a1  -  <*>,02) 

♦  D2v  1  .  -  )  ^'2a2  *  u'iu2al  ^  '  r.(2,/;)(u;2u)1ri2  "  u2°l  °2  ^ 

♦  D3(l,1)U2a2  -  cu2a)1a2a1  )]sln(<^1  4  $2)} 

2  2  2  2  3 

-  Z1  |Z2k[3C(2,2)  (w2a2  o1  - 

ii  p  3 

4  C(  1  ,  1  )C(2, 2)  ( w2a2  4  w2ai  ”  wla2  a1  '  U)]a2a1^ 


3C(1,1)2(u.2a2  -  w1a1a2)]  4  Z^bcU^^U^  4  -  u^a^3) 


4 


4 
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♦  C(2,2)C(1,1)(u)2oi2a12  ♦  ui^2 

-n  2  2 

-  ^1a2al  *  “la1a2^  *  J)  [u)2a2  -  ai1a1a2)] 

2  2  2  2 

♦  X[G(oi1a2a1  *■  ^  a2  -  ^^a^  - 

2  2  2 

♦  iC22^Uiaia2  ’  a,2°‘l  ^  +  K11^laia2  “  *2*2  )H/[4^U,2  ala2 

2  2  2  »i 

-  Ug^a 2  -  u»2«1a1  ♦  M^OgJJ 

•  2 
z2  *  lz1U[vD1(2,2)(oj1a1a2  -  ) 

2 

+  vD  ( 1  , 1)(<i»2a  a^  -  ui1a1  )  *•  D2( 2, 1 )  ( *2  -  ) 

^  2  2  2 

♦  D2(  1  t2)(a)1a1  -  ^2a2a1  ^  +  ^3^2»2)((*>2^1a1  ~  uiaia2^ 

2  2 

♦  D^(1,1)(u1a1  -  a»1(D2a1a2)]c03(4>1  + 

2  3 

-  u['jD1  (2, 1  )(u2a1  -  gj^)  *  vDj  ( 1  ,2)(oj2a2a1  -  ) 

2  2 

♦  D2(2,  2)(u2a2ai  -  u2a1  )  *  D2(  1 , 1 )  (u^a^  -  u|a1  ) 

♦  D3(2,1)U2a2  -  u^a,)  ♦  1 , 2)  (uyx,  3  -  u,  u^a^  2  )  ]sln(*1  ♦  <02  ) } 

U  2  2 

+  2eZ2[\ 2(u2u1a2  -  oi2a^a2) 

4  2  2  2  2 

♦  X,  (u2u»ta1  -  M2«1«2)]f  /  [4(u2  al°2  "  Via2 

2  2  \i 

-  W2u1al  *  “la102" 

Z2>2  -  iZ1|w[D1(2f1){u,a2  -  u^)  ♦  ( 1 ,2)(u»f  o,  3 

2  2 

-  <*>2a2al  )  *  ®2( 2» 2) ( ui2a |  *  ^a^) 

2  2 

♦  D2Ct,l)(ta1a1  *  u2a2a1  )  ♦  0^(2, 1  -  (u]  <»2) 
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4  D3(1,2)(u1u2a2o12  -  u12a13)]cos(«1  ♦  *2) 

2  2  ^ 

-  y[vD1(2f2)(u1o2a1  -  )  4  vD1  ( 1 . 1 )  *  ",  a,  > 

3  2 

4  D2(2f  1)(u1a2  -  w2o1  )  4  D2(1  ,2)(u1ci1  -  “2a20t1  ) 

♦  D3(2,2)(u2a)1a12  -  4  D^I.UU,2^2  -  “1“2a1a2^3in(*1  4 

♦  Z2lZ12K[(3C(2,2)2(u)1a2a2  -  w^a,3) 

f  a  2  3, 

^  C(2,2)C(1,1)(w1o1  ♦  «,o2  -  -  u2a2a1  > 

4  3C(1,1)2(u1a12  -  uigagB,)  *\z\  *[3C(2,2)2U1a21<  -  "gOg3*, ) 

,  2  2  2  3  i 

4  r.(2,2)C(1  ,1)(a)1a2  *  w1a2a1  '  a)2°‘la2‘  w2a2  a1  > 

♦  3C(  1 , 1 )2(w,a2  -  "2°i a2)]  +  AIG(w22a22a1 

2  2  \  /  2  \ 

4  u>2  -  w2u1a2a1  -  aj2aj^a2J  4  ^22  ul2a10l2  ”  <1)1a2' 

4  Kn("2V2  '  '  Ww2a1°2  '  U2Wia2 

2  2  n 

-  u2u1a1  4  o^a.,,/] 

(*•)  I",  “  “>2I  *  "0 

2  2 

Z  =  {:2{p[vD1(2,2)(uf-a1o2*  a2  )  4  vD1  ( 1 , 1 )  UgOg  -  in^Og) 

3  2 

♦  D2(2, 1 ) ( a 2  -  c^a,  )  *  DgO  ,2)(u>2a2  -  ) 

,2  2  \ 

4  D3(2,2)1(d2  0^2  -  u>i<i>2a2  J 

2  2  i 

-  D  (1,1)(u2o2  -  ‘*>,<*>2a1a2)i  cos($1  -  $2) 

2  3 

♦  ^[vD,  (2,1  )U2a,  -  w^o2)  4  vD1(1,2)(u>1a2  -  u>2a2  ) 
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2  2  ^ 

♦  D2(2,2)(ul2a2ci1  -  Ula2)  ♦  D2(1.1>U2«2  -  VlV 

P  2 

+  D^(2, 1 1  (ai2a5  -  ♦  D^(1 ,2) 

-  u>2^a2^)]  3in(<>j  -  i>2)}  +  2eZ^(\2  (aj2u^a^  -  a>j  aja2^ 

2  2  2  2 

♦  X^u^o^  -  ai1a1a2)]|  /  [^(u^a^  -  w2(1)1a2 

2  2  11 

-  u2«i^a^  ♦  uiaia2^ 

Z  ♦  -  {Z2{u[vDj  (2, 1 ) ( u»1  a2  -  o»2a1  ) 

♦  mDj  ( 1 , 2)  (aj2a2^  -  u^cl,3)  +  D^(.2,2)[iii^a^  -  a)2a\a2^ 

2  2 

♦  DgO.UfwjajOg  -  ^2a2^  *  03(2, 1 ) (<i»2u>ji»2  “  U5ai  J 

♦  D3d.2)(^23  -  ai1u)2a22a1  )] C03(4i  1  ♦ 

2,  r  2 

-  u[wD1  (2,2)(&»2at1a2  -  a^or,)  ♦  vD]  ( 1 , 1 )  l  n>2»2 

-  u^a^)  ♦  D2C 2 , 1 ) ( u>1  a2  -  w2a1  )  ♦  D2^1,2^u,2Ct2 

P  2  2  ^ 

-  )  *  03(2, 2)  (“2*^2  "  u1(l)2a2  > 

♦  D3(1,1)(w2a2  -  "iw20^02)]9ln^  1  ~  *2^ 

♦  ly\£2K[lZ{2,2)Z{»f2*y  '  «1«23°1^ 

♦  C(1,1)C(2,2)U2a24  ♦  u>2°i  -  u^a,  '  uia2a1^ 

♦  3C(1,1)2(«2o 2  -  ^0^2)]  ♦  J  Z12<[3C(2,2)2(u)2a14  -  u^a^3) 

♦  C(2, 2)C(  1 , 1 )(u2a2a1 2  ♦  w2°i2  “  “ta2a13  "  “ia1a2^ 

♦  3C(1,1)  (u2<*2  -  J10t1<*2 )  1 
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2  2  2  2  \ 

♦  A  [g(u>1  a2a]  *  wi  a2  ~  u2ula2a1  ~  W1  w2°t 

♦  K22("lV2  '  *  K11("lVz 

-  «  a  2)]|  /  [»l[o>2cll1a2  *  “2U1°J2  "  "l“2°12  *  "l  °1°2^ 

2 

22  *  (zi{w(vD1(2,2)(u2a1  - 

2 

♦  vD1  ( 1  , 1 )  (u)2a^a2  -  u^ai  )  +  D2(2, 1 )  (w2a^  "  “ia2^ 

♦  D2(1,2)(a>1a13  -  a)2a2a^)  ♦  -  w^o2) 

♦  D  (1.1)(«u2a2  -  u1u2a1o2)]  eos(*1  -  $2)  -  u[vD1  (2, 1 ) (w^ 

2  3  2 

-  w2a1  )  +  D1  (1 ,2)(a)2a2a1  )  +  D2(  2, 2) 

2  2 

♦  D2(  1,1) (u2a,o2  "  aijttj  )  ♦  D3(2,1)(u2u1a1  -  w,  a2) 

♦  D3(1,2)(w12a13  -  u,  ^2a] 2  ^ 

-  <*>22a1a2)  *  X1  ll(ai2w1a1 2  -  w^0^)]  /  [M“2  aia2 

2  2  2  11 

~  w2w-)°2  “  a^<*>2a^  4  ai a 2 ^ 

2  3 

Z2$2  -  { Z,  {u[vD1(2,1)(a)1o2  -  w2a1  )  ♦  vD^  (1 ) 

2  2> 

4  D2(2,2)(<D2a1  *“,“20,)  4  D2(1,1)(u>2a2a1  -  u>1a4)  J 

«  D3(2,1  )(w2u>1o1  -  ^a2)  "*  D3(1,2)(«12a13  -  ]cos(^1  "  *2) 

2  2 

-  u[vD1  (2,2)(ui1a1a2  -  )  *  vD]  ( 1 , 1 )  -  ui^c^) 

2  3 

♦  D2(2, 1  )(u>1a2  -  ui2a1  )  4  D2(  1 , 2)  ( ) 

♦  D3 ( 2, 2) ( t^w^a2  -  u12°2aij  *  D^l ,  1 ) (u^a^  -  w^a^JjsinU,  -  4>2) 
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♦  z2iz12,e[3C(2,2)2((»>1a2a1  “  <4,2°,2a1^ 

4  2  3 » 

♦  C(2,2)C(1,1)(u1a1  ♦  0)^2  -  <*>2a1a2  '  “2a2al  ' 

♦  3C(1  .l)2^^2  -  ~  Z2  tc[3C(2,2)2(u1a24  ~  “2a2^a1 ) 

2  2  2  3 

♦  C(2,2)C(  1  , 1  )(a^a2  *  <*»1a2  a1  "  <*>2ala2  ~  “2°2  °1  ^ 

♦  3C(1  J)2^^2  -  “2a1a2^  ♦  A[G(a)22a22o1 

"  -  VlV?  "  W °2]  *  K22^2aia2  "  “l *P 

2  2  2 

♦  K11(w2a1a2  *  a)1ai  )H  t  [4(u»2  0^2  "  w2!J1a2 

2  2  ii 

-  io1(ii2a1  +  (D^  JJ 
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APPENDIX  P2 

DEFINITION  OF  PARAMETERS  IN  THE  AVERAGED  EQUATIONS 

I.  The  parameters  In  the  averaged  equations  are  defined  as  follows 


Di '  |Di  J  • 

1  1,rs  2x2 

Aj  "  [vD1,k1  '  (D3.k2aj  *  \kl“j^  * 
Bj  *  [vD1,k2aj  *  (D3,k1  -  °i<,k2aj“j)] 

U11  *  (A2Af  +  A1a2Bl^  7  ( ^  ' 

U22  *  A2A2  "  Ala1B2^  7  {U)  • 

Vn  -  (A2B^  -  Ata2A])  /  (HA)  . 

V22  *  A2B2  +  7  * 

U12  -  (A^  ♦  Ata2Bj)  /  (4A)  . 

u21  *  (-  a_,a*  -  A^b])  /  (Ha)  , 

Vl2  -  (A2B2  -  A^a],)  /  (HA)  , 

V21  *  A2Bf  +  Wl^  7  W  • 

U12  "  ^2A2  "  A1°2B2^  7  ’ 

U21  ’  (A2A?  '  AlalB1J  7  M  • 

V12  -  (a2e2  ♦  Aja2A2)  /  (ha)  , 

V21  "  ^A2B?  *  VlA1J  /  • 


where  A  <  0  . 
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II.  In  the  averaged  equations  the  damping,  nonlinearity  and  detuning  terms 
are  defined  as  follow:  (r  -  1,2) 


Damping  terms: 


«P  «  (2Zr[\2  u,rapA2  -  *Jv»3-rAl]  (-  1  f"  1  '  ^ 


”  E**r  * 
P  P 


2.  Nonllneapity  terms: 


Nr  a  (,c/2)[(3C22  *  C22Gt|ar^2  *  ^C22C1  lV  °3-r  *  3C11  a3-r^l^’ 

‘  («/2)[(3C222V3-r  *  C11C22'r>S2  *  (C22Cn°3-r  *  3C11  S->1 1  • 


»p  *  [(Np2r2  ♦  2»2Z3.p2)  (-1 )r]  /  <«4>  . 


and  let 


N,  •  »,,Z,2  '  2N,2Z22  • 


»2  -  2»2,z,2  '  »22z22  . 


Detuning  terms: 


2  2  2  2 

ADr  -  A{4[GU3_rVr  ♦  a,3-r<11ra3-rar  '  Wrar  "  “V  a3-r] 

P  2  2 

♦  K„-(w_  a  -  u  a  a,  )  *  K  (u,  a,  -  u>  a  a,  )]  }/(4d) 
22v  3 -r  r  r  r  3~r  11  3~n  3  r  r  r  o  r 
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APPENDIX  F3 

STABILITY  CRITERIA  OF  TRIVIAL  SOLUTION  AND  FORMULATION 
OF  LOCAL  BIFURCATION  ANALYSIS 

The  stability  of  the  trivial  solution  is  determined  by  the 
eigenvalues  of  the  linear  part  of  Eq.  (*1.3)1  i.e., 

4  3  2 

Q  ♦  a  Q  ♦  ♦  a?fl  ♦  aQ  -  0  (Cl) 

where 

a3-2  E*^  ♦  C2)  2  0  , 
a2  *  A2(D12  ♦  D22)  ♦  E*2(ei  ♦  E,)2  -  2n  , 

at  -  2  E«A2(d2E2  *  D22^)  -  2  £»(«,  ♦  Eg)  n  . 

aQ  -  (n  -  x\d 2)2  *  A2E»2{D1C2  -  DzZ}f  2  0  , 

and 

n  -  (h2Rp  -  E*2^^}  • 

The  stability  criterion  can  he  written 
aQ  >  0  ,  >  0  ,  a2  >  0  ,  83  >  0  and 

a4  “  aia2a3  "  aoa32  "  31 

-  4E*2[a2E1C2(D,  ♦  D2f  -  U,  ♦  E2)2n]-[A2(D1  -  D2)2  ♦  E«2(e,  ♦  ^f]  >  0. 

It  is  obvious  that  for  Rp  <  0,  i.e.,  n  <  0,  the  trivial  solution  is  always 
stable  and  for  Rp  >  0,  the  stability  criterion  reduces  to 

U,  ♦  C2)  >  0  ,  A2EtE2(Dt  ♦  D,)2  -  (C1  ♦  E2)20  >  0  .  (C2) 
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The  trivial  solution  loses  stability  when 


.  5.  1/2  £  1/2 

]n’/2/(D,  .  d2)  . 


and  the  eigenvalues  are 


e.  1/2 


e,  i/2 


ai,2  '  *  1 


Mr)  °tl  '>'/2  /  -  D2)  . 


a,  a,  2  a  a  1  / 2 

(^]  t  ((t5)  - 


From  the  direct  and  adjoint  eigenvalues  problems, 

T 

l.e.,  Aa  »  na  with  a  -  c  ♦  Id  and  A  b  »  flb  with  b  *  e  ♦  if,  one  can  obtain 

£  + 

the  eigenvectors  a  and  b,  respectively  at  X  -  X  ,  at  X  and  X^  the 
eigenvectors  may  be  different  even  though  Q .  ’re  the  sane.  f urthermor a , 

depending  on  whether  4  are  complex  or  real  eigenvalues  one  can  make  use 
of  the  transformation 


xj  • 2(  v.  *  v2>  *  • 

XJ  ’  21C2*J  U1  *  d2U  “2)  *  21 C2+J V1  *  d2.JV2l 


Xj  ’  2  (C]U1  *  d]U2J  *  ajv1  *  Vi  • 

XJ  "  21CJ*2dl  *  d2»Ju2 1  *  a2»Jvl  *  a2»JV2  ’ 


to  reduce  the  linear  operator  to 
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0  u.  -6-  u. 
<1138  ((  '].  t  2  2 


0  w 

]!  or  dlag  { [  ]  ♦  X,,X  f  .  (C6) 


-<ii^  0 


"w2  '62 


■w  1  0 


Superscripts  here,  denote  the  eigenvectors  corresponding  to  the  critical 
eigenvalue.  The  6's  and  u’s  In  Eq.  (C4)  are  the  real  and  the  imaginary 
parts  of  the  eigenvalue.  It  Is  evident  that  the  averaged  system  exhibits  a 
Hopf  bifurcation  at  X  -  Xc  and  the  results  of  the  bifurcating  solutions  are 
given  in  Eq.  (4.21).  In  order  to  obtain  the  values  of  R  and  S  given  by  Eq. 
(4.22),  it  Is  sufficient  to  express  g1  and  g2  in  terms  of  new  variables  u., 
and  u2  alone.  This  Is  due  to  the  fact  that  v j  and  v2  can  be  neglected  in 


since  the  rcnlinsc • ,  ti o.c  ire  cub! :  In  •;  .=."1  v . 


Thus  putting 


F1  tN11^X1  Yi  i  4  2N12^X2  +  *2^*1 


F  »  -  f 2N  (X  2  ♦  Y  21  ♦  N  f X  C  *  Y  *) I Y 
2  1  21l  l  1  ‘  22l  2  2  n  2  * 


2  ..  2-, 


F3  =  ^Nl/V>'1  Y1  ^  2N12^X2  +  Y2  ^X1  ’ 

F4  =  [2N21(X,2  ♦  Y,2)  ♦  N22(X22  ♦  Y22)j  X2  , 

where  Xj  -  +  d]«2)  .  Y,  -  ♦  d^«2) 


(  1  2  3 

,1  J  -1 

'1  ' 2  ‘3 


we  can  write  G  ■  S  •  F  as  functions  of  uj  and  u2. 
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APPENDIX  F4 

STABILITY  CRITERIA  CF  NCNTRIV IAL  SOLUT ICN 
The  stability  of  the  characteristic  equation  ('4.12)  Ls  «; 1  ; 

Routh-Hurwltz  criteria,  t.e.,  for  equation 

“3  •  Vi  '  V  •  ao  ’  °  • 
where  a2  »  2 E'u(  *  2,)  . 

a,  -  E»(5t  ♦  E2)2  *  F2a  f  a,/2  [tf|  Z,  QU}  /tj  '* 

,  >1/2- 

*  «aZ2a(52/5l)  !’ 

,  ,1/3  1/2r  1 

ao  *  *  2E’(V52)  *  tzio*i  *  z2oV  • 

r:-.a  stability  criterion  can  be  written  a3  follow: 


a  >  0  ,  a.  >  0  ,  a,  >  0  and 
o  l  c. 

a,a2  -  aQ  -  2E*3(e,  *  5j)3  *  2FZaE#(Ej  *  Ej) 

a  2S»a'/2(rE,  ♦  EjK',2, 0(«l/Z2)' '*  *  S2Z20(VE1  >'  ^ 

*Z20’2ll  >0 
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